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NORMAL
DISTRIBUTION

10.1 NORMAL DMSTRIBUTION

The normal distribution is undoubtedly the most important and frequently used of all
probability laws, because
(i)  the normal random variable does frequently occur in practical problems such as heights
and weights of individuals, 1.Q. scores, errors of measurements, efc.
(if)y it is the limiting form of many other probability laws and hence provides an accurate
approximation to them.
(iif) it is also the limiting distribution on the well known central limir thearem (as discussed
in Theorem 11.6).
Thus a greal many techniques used in applied statistics are based on the normal
distribution, The formal definition follows.
10.1.1 Normal Probability Density Function. A continuous random variable X is normally
distributed if and only if its probability density function is
!_ 2

l.‘_‘_.f.‘T
L for —ee'< x < oa

! |
flz)y = nxis lho) = —— &
cr‘,ll"zwt

where i is any real number (i e, —= < i < =) and o must be positive (£ e, 0 > 03,
n (= 3.141592654:---- Yy gnd e (= 2.718281828- -+ )} are constants, x is the value of
random variable X and f( x) is the density ( ordinate yat X = x

"A normal distribution is characterized by two parameters g and o, its mean and
standard deviation respectively. Sometimes it is denoted by N( pt, ¢ ). Thus

X ~ Ny, o)
means that a random variable X is normally distributed with its mean g and variance o*.

10.1.2 Shape of Normal Distribution. The
graph of a normal probability density function is
called a normal curve. As can be seen from the
definition, the probability density function for a
normal random wvariable has a unimodal,
symmetrical and bell shaped distribution.

Figure 102 shows the graphs of some >
typical normal density functions for wvarious L X

values of the parameters p and o. The parameter Fig 10.1 Normal distribution
o controls the relative flatness of the curve.
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(f)  Keeping u constant and decreasing ¢ causes the density function to become more
sharply peaked, thus giving higher probabilities of X being close to gL

(if) Keeping u constant and increasing ¢ causes the density function to flatten, thus giving
lower probabilities of X being close to u.

(iif) If o is held constant and u is varied, the shape of the density function remains the
same with its centre moving to the location of .

i ¥
Ll
¥ 0.71
o=14
0.3
(e 7= 1, 15
ﬂ.Z"f{x}
o o= |64
0.1+
} L%
0 p=5 u=§ pg=7 ¥ 0 x

a=10

Fig. 10.2 Normal probability density functions
10.1.3  Properties of Normal Distribution. The following are the main properties of normal
distribution (or curve).

(1} Continuous Distribution. The normal probability distribution is a continuous
distribution that ranges from — o to + oo,

Ry = [a: —ee < x < +00}
(2) Total Probability. The total area under the normal curve is unity. That is,
Pl-ee < X < 4+em) = |

(3) Mode and Maximum Ordinate. The normal probability density function is unimodal
(single peaked), its mode is g and its maximum ordinate at x = u is

S sl e I, S
o4 2n oy2n

4 Symmetrical Distribution. The normal probability distribution is a symmetrical
distribution. Thus =

(i)  The mean, median and mode coincide at .
Mean = Median = Mode = ,I:I!
() The lower quartile x,,; or Q, and the upper duartile x,.. or Q, are
equidistant from its mean .
Xggs — H = M — X4
(ifi)  All odd order moments about mean are zero.
By = My = ftg = =0
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(5)

(6)

(7

(8)

9

(10)

(11)

Special areas under the curve. No matter what values of g and ¢ are, the areas under
the normal curve remain in fixed proportions within a specified number of & on either
side of . For example,

h Pu-o < X < 4+ a 0.6827
(i) Plu-2c < X < 1+ 20) (.9545
(liiy F(p—-30 < X < p+30) = 09973

Median, Quartiles and Quartile Deviation. In a normal probability distribution, the
median, the lower and upper quartiles and the quartile deviation are

Xos = I X0 = U — 0.6745 o, Xg75 = M + 06745 o,

0.D(X) = w = 06745 z%ﬂ‘

& = Xgas + Xyqs = A3 T %o
o e O = 003 035
2 1349

Variance, Standard Deviation and Mean Deviation. In a normal probability
distribution, the varniance, the standard deviation and the mean deviation are

Var(X) = o?
S IXX) = o

M.D(X) = a,l/i = 0790 = Lo
K

Moments and Moment Ratios. In a normal probability distribution, the first four
moments about mean and the moment ratios are

iy = 0, iy = 6%, My = 0, fy = 30"
3 0 My 3g*

Hi = = = 0, = o =
g 3 (o) By H3 (o?)?

Points of Inflexion. The points of inflexion of the normal probability density function
are equidistant from mean u, theyareat x = § — o and x = g + o The normal
probability distribution is a bell shaped distribution.

Asymptotic Curve. The normal curve is asymptotic to the x-axis, that
is, as ]x| grows without bound, the curve gets closer and closer to the
x-axis but always stays above it. The curve has a single peak in the

middle and tapers off gradually at both ends and never meets the x-
axis.

Reproductive Property. If X, and X, are two independent normal
random : !
variables having distributions N(g,, of) and N(y,. o3) respectively,
then
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their sum X, + X, is also a normal random variable having the
distribution
Ny, + yy, af + a3).

10.1.4 Normal Cumulative Distribution Function. The cumulative distribution function for
the normal random variable X is

Flz) = X Ex) = P[==<X=ux)

3

{. ” ;H. ]_ i

Unfortunately, this integration cannot be carried out in the closed form. Mumerical
techniques could be used o evaluate the integral for specific values of u and o The various

possible values of g and o resolt in a family of unlimited number of different normal
distributions. Tt is, thus, necessary to tabulate the standard normal cumulative distribution
function, that can be used to evaluate the cumulative distribution function for a normal random
variable with any mean g and any standard deviation o.

0.2 STANDARD NORMAL RANDOM VARIABLE

A normal random variable X with mean g and standard deviation o can easily be
transformed into a standard normal random variable Z by the transformation

A= i
which has mean 0 and varjance 1. | 2 o
10.2.1  Standard Normal Distribution. [f the random variable X has a normal distribution
with mean u and variance ¢, then the random variable Z = (X — u)/ o has a standard
normal distribution with mean 0 and variance 1.

Theorem 101 ff X ~ N(p, o) and Z = (X — u)/ o, then

Z~ ND 1)
Since the standard normal probability density function and cumulative distribution
function are of such importance, we shall use special symbaols for them.

10.2.2  Standard Normal Probability Density Function. The probability density function of
the standard normal variable Z, denoted by of 2 ), is given as

|
1,.I'21'1:
Thus: @ z ) is the value of
standard normal probability density
functionat Z = z. Therefore, @( z) is
called as the ordinate of the standard

normal curve at £ = z. The ordinates

@( z ) have been tabulated for various
values of z in Table 7.

Theorem 102 If Z =~ N(D. 1), then

i i |
L = Sl sl
—_j-ftu}ldu—i T &

o) = E_:l";:' for —ea < 7 < oo

Pl

B

: Fig. 10.3 Ordinate of standard normal

o-z) = @lz) probability density function
at £ = z
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10.23 Standard Normal Cumulative Distribution Function, The comulative distribution
function of the standard normal variable Z, denoted by @ £ ), is given as

Dz) = P(Z521) = P[-=<Z <)

= | flu) du = j J__ =2 gy
Thus @ z) is the cumulative
probability up to Z = z in the standard
normal distribution, The cumulative
probabilities @( z) have been tabulated (=)
for various values of z in Table 9.
Note that
1 S
D) = 0 . .
D{+e=) = 1 Fig. 10.4 Cumulative probability in
standard narmal distribution
upto £ =z

Theorem 103 If Z ~ N0, 1) and d. b are any real numbers, then
(i) PZ£=a) @ al
(i) NZ=za) 1 - dfa)
(i) PlasZ<bh) = dh)-D®la)

Theorem 104 If Z ~ N(O, 1), then for any real value a
f) W=a) =1-=-P(a)
(i) PZza) = ®-a)
Gi) P(|Z|<a) = 2@(a) - 1
(iv) P(|Z|za) = 2@(-a)

10.2.4 Inverse Standard Normal Cumulative Distribution Function. The inverse standard
normal cumulative distribution function determines a value z comesponding to a given value of
the cumulative probability. Suppose that comulative probability at £ = : is p, then we have

$®lz) = Z=z) = il
®-Y(p) = z
The values of @ ~'( p) have been tabulated for various values of cumulative probability p in
Table 10. For example,

@(1.96) = 0975
®-1(0975) = 1.960

10.2.,5 Use of the Standard Normal Tables. We now show how the tables of the standard
normal distribution are used illustrating their direct or inverse use.

Il
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Example 10.1
(i Write down the equation of the standard normal distribution.
(ii)  Find the value of maximum ordinate of the standard normal curve correct to four places
of decimal.
(itf)  Verify that the ordinates of the standard normal curve at z = 1.27 and : = - 1.27 are
equal.
(iv)  Find the value 1 when the ordinate ai z is 0.12001,

Solution, (i) The probability density function of standard normal random variable Z is

I ;
_ E_‘EI."E —ooC iy & 6o

plz) = E

{ii) Since the standard normal probability density function is symmetric about zero, its
maximum ordinate isat 7 = 0

pl0) = L_ @2 = 1 _ 03989
| 2T 2x

(i) Either calculating directly or using the Table 7, we have

P(1.27) = L_ a2 _ gy9810
..,||'2:r|:

O(=127) = — 12172 = 017810
2x

Note @(-127) = @( 1.27)
Alternately,

o(-127) = ! e~i-12mif2 _ I e—ttamifa o o(-1.27)
J2n 2m

(iv) By the inverse use of Table 7 and the fact that @(-z) = ¢( z), we have
¢(z) = 0.12001
z = @7(0.12001) = +155
Example 10.2 If Z is a standard normal random variable with mean 0 and variance 1.

then find
() FZ<-19) () P(Z>1.26)
(iify P(-196 < Z < 1.96) () Pl-e < Z < 212)

(v) P(-272< Z < )
Solution. From the definition of standard normal cumulative distribution function, we have
(i) PlZ<-196) D -1.96)
0.02500 { From Table 9 )
1 - P(Z < 1.26)
1 -D(1.26) = 1 — 089617 = 0.10383

(]

(i) P(Z > 1.26)

Il
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(#dd) P(-19% <2<19)= P(Z<196) - P(Z < ~-196)

= @{1.95) - B(-1.96)

= 097500 — 0.02500 = 0.95
{vi) Pl <Z<212) =RAZ<212)-PZ<—e)

= ©(2.12) - B(—o)

= (98300 - 0 = 0.98300 [ since @ —e=) =0}
PZ<ew)=-PZ<=-272)
Do) — D(-2.72)
=1 - 0.00326 = 0.99674 {since D +e0) =1}

Example 103 If Z is a standard normal random variable with mean 0 and variance 1,
then find

¥ P(-272 < Z < =)

() P(Z<1282) iy P(|Z] < 1.64)

(i) P(|Z| > 2.37) (iv) P(Z<-164 or Z > 232)
Solution. From the definition of standard normal cumulative distribution function, we have
() P(Z < 1.282) = D(1.282) ( By interpolating )

1.282 — 1.28
- 1.23 —_—— . = "
P ) + 129 — 128 {®(1.29) - D(1.28) }
= 0.89973 + 0.2(0.90147 - 0.89973) = 0.900078
)  P(|Z] <164) =20(1.64) - 1 [ since P(|Z| < a)=2®(a) -1}

: =2(094950) - 1 = 0.899

G P(|z| > 237) = 20(-237) { since P(|Z| > a) =2®(-a))

= 2(0.00889) = 001778
(iv) P(Z<-164 or Z>232) MZ<=-164)+ P2Z>1232)
= P(Z<-164)+1- P(Z<232)
= @(-164) + 1 - P(232)
= 0.05050 + 1 - 0.98983 = 0.06067
Example 104 [f Z ~ N( 0, 1), then find the value of a such that

(H P(Z>a) = 0868, (i) P(|z| <a) = 090
iy P(|Z| > a) = 0238 () P(Z<a) = 06198
Solution. We have
(i) P(Z>a) = (.868
PZ<a) =1-0868 = 0132
D(a) = 0.132

i

®-1(0.132) = - L117 ( From Table 10 (a) }
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(i) P(|Z|<a) = 090
2@(a) -1 = 090 { since P(|Z|<a)=2d(a) - 1)
Pea) & 095
a = ®@°1(095) = 1.645
wi)  P(|z| > a) = 0238
2®(-a) = 0.238 [ since P(|Z]|>a) = 29(-a))
®(-a) = 0.119
-a = ®7'(0119) = —1.18
a = 1.18
(iv) P(Z<a) = 06198
®(a) = 06198
a = ®1(0.6198) ( By interpolating )
= ®-'(0.619) +M{¢“E{I.ﬁiﬂ}-fh“[ﬂ.ﬁlgi}
0.620 - 0.619

= 0.3029 + 0.8 (0.3035 - 03029) = 0.30498

10.2.6  Quantiles of Standard Normal Distribution. Let 0 < p < |, then the p-th quantile
or (100 p)-th percentile of the distribution of standard normal random variable Z is a value Z,

such that

“p

™z)) =p
z, = ®'(p) 3
Therefore, for the 95-th percentile = g, ; i
of standard normal random varigble Z, 0 ,:F e
- Fig. 10.5 Th f standard
i e p-th quantile of stan
K2 2995) = 095 normal distribution
P2pes) = 095
Zoos = DI(095) = 1645 { From Table 10 (a) )

Example 105 [f Z is a standard normal random variable, then find the lower and upper
guartiles, the imter quartile range, the quartile deviation and the 70-th percentile of the
distribution of Z.
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Solution.
For the first quartile z, .5, we have
PlZ £ z35) = 025
D545 = 025
Zine = B H(D25)
Znas = —0.6745
{ From Table 10 (a) )

e
>

- Fig 10. t‘. Fm:t q_ua.ﬂ.ﬂe of standard
& narma.l distribution

For the third quartile z;, .., we have
HZE 2595) = 0I5
D(pq5) = 075
Zaas = B H(075)
Zggs = 0.6745
{ From Table 10 (a) )

A

e
Fig 10.7 Third quartile of standard
" normal distribution

\ s
The inter quartile range ( 1. Q. R ) and the gquartile deviation ( Q. D } are
LOR = zy55 — Zg35 = 06745 — (-0.6745) = 1.349

oD = Jo1s =T _ 0675 = (O6T45) _ s

2 2
For the 70-th percentile z,,,, we have
P{ A Zn_-}nj = 070

ql{ Zu_m _} =T U,Tﬂ
g0 = P7N(0.70)
f‘ P
:.'?D = ﬂ.5244 : __’

; e
iR a0 ) Fig 10.8 Seventieth percentile of standard
& normal distribution
Exercise 10.1
1. (@ Define the normal probability density function and the normal cumulative distribution
" function. Give the equation of the normal curve with mean u and standard deviation o
(b) Defide the standard normal probability density function and the standard normal
cumulative distribution function. Give the equation of the normal curve with mean 0

and standard deviation 1.

2. (a) Find the ordinates of the standard normal curve at .
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(B)

3. (a)

(&)

4. (a)

(5)

(c)

5. (a)

(i) z = 0.64, (i) z = 2.84,
(i z = -0.84 iv) z = -2.08
(0.3251, 0.0071, 0.2897, 0.0459)
Verify that the ordinates of the standard normal curve at ;1 = 1.27 and z = - 1.27 are

equal. Find the ordinate at z = 0.
(01781, 0.1781, 0.3989)

If the random variable Z has the standard normal distribution, find
(i) P(Z < 146) (i) P(Z>258)
(i) P(Z < -—148) () PZ>-198)
(v) P(056 < Z < 1.99) (vil P(-132 <Z < 165)
( 0.92785, 0.00494, 0.06944, 097500, 0.2644, 0.8571)
If Z ~ N(O, 1), verify that
) P(Z<-215) = P(Z>215)

(il PZ<186) = P(Z>-186)
( 0.01578, 0.01578, 0.96856, 0.96836)

If Z~ N(O, 1), find

() P(Z>1645) (i) P(Z<-1645)
(iiiy P(Z > 1.282) vy P(Z> 1.96)
(M PZ>2576) (vi) P(Z > 2326)
(vii) P(Z > 2.808) (vili) P(Z < -1.96)

(0.05, 0.05, 0.0999, 0.025, 0.005, 0.01, 0.0025, 0.025)
If Z ~ NO, 1), find

M Pz|<1) i) P(|Z]<196)

(iii) P(|Z] < 3), v P(|Z|>2)

v P(|Z]| < 1.78) vi) P(|Z|< +5645)

(vii) P(|Z| > 2.326) (viii) P(Z < -197 or Z > 2.5)

(0.6827, 095, 09973, 0.0456, 0.925, 0.9, 0.02, 0.03063)
If Z~ N(O, 1), show that
(i)  thecentral 95% of the distribution lies between +1.96, |, e.,
P(-196 < Z < 196) = 095,
(if)  the central 99% of the distribution lies between +2.576, i ¢.,
P(-2516 < Z < 2576) = 099,
If 2~ M0, 1), find aif
@ PZ<a) =035 (ily PZ>a) = 0025
(i) P(|Z|<a)=09 () P(|Z]|>a) = 0097.
(—0.4538, 1.960, 1.645, 1.66)
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{h) In a standard normal distribution, find
(/)  apoint that has 97.5% area below it, i. e., 2 75:
(i) apoint that has 97.5% area above it, i. e., z; 5!
(iif) two such points that contain central 90% area i e., z;,; and 2.
(1.96, -1.96, —1.645, 1.645)
6. (@ If Z ~ N0, 1),find a if P(|Z| < a) takes the value (i) 80% (i) 99%.
(1.282, 2.576)
() If Z~ N(O, 1) find a if P(|Z| > a) takes the value (i) 5% (i) 2%.
(1.96, 2.326)

7. (a) Find the median, the lower and the upper quartiles, and the inter-quartile range for a
standard normal random variable Z,

{(b) In a standard normal distribution,
(i}  what is the value of mode,
(if) theareatotherightof z = 1 is 0.1587, what is the area to the leftof z = 17
(éif) find two points on z scale such that the area between them is 80%,

(iv) find the area between — 1.5 and 2.5 on z scale.
(0; 0.8413; —1.28, 1.28; 0.9270)

10.2.7 Use of the Standard Normal Tables for Any Normal Distribution. We nuw?hnw
how the tables of the standard normal random wvariable Z can be used for any normal

random variable X where X ~ My, o).

Theorem 105 If X ~ N(y, o), then
F(x) = m[ 1_#]
o

Theorem 106 [If X ~ N(yu, o) and a, b are any real numbers, then

0 PX<a) = m{"_“]
o

(i) P(X2a) = l-r.tr[“"”]

43

(i) Pla<X<h) = t:-[b'—‘"]_:h[u]
O o

Theorem 10.7 If X ~ Ny, 0*) and a is any real number, then

fla) = L?[a_ﬁ]
o a

¢
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Example 106 If X is a normal random variable with = 40 and o = 5, write down its
probability density function. Find the ordinate of its normal curve at x = 425, Also find its
maximum ordinare,

Solution. We have

e a-u
fla) = = EP[ = ]
1 425 —40
ek s ALt
Jr425) 5 'P[ 5 ]
= %q,‘-f 0.5) = é{f]jﬂﬂ?] { From Table 7)
= 0.070414

Alternately, The probability density function of the normal random variable X with parameters
=40 and o= 5 is

1 iz — 402 [ 2rey2 | B 2/
flx) = prlz—A0E 28" — = =lx-d)T S50
5"|I| 2n 5..”|' in
fid25) = ] e—25-402 /50 _ o704

in

The maximum ordinate of this normal curve isat x = g = 40, which is

1 ( 4040
JA0) = ?'F[ 5 ]
= %q:un = %(0.39394} ( From Table 7)
= 0.079788 =3

Example 10.7 The scores made by candidates in a certaiz it are normally distributed with
mean 500 and standard deviation 100. What percent of the candidates received scores

({)  less than 400, (i} more s 1 700,

(iiiy  Dbetween 400 and 600, {iv) which differ from mean by more than 150,

(v)  if a candidate gets a score of 680, what percent of the candidates have hivher scores
than he?

Solution. Let X be the score of a candidate, then g = 500 and o = 100.
(@ P{Jr<4m1:p{x_-‘*q*m‘5m)
o 100
= P(Z<-1) = ®-1) = 015866 = 15.87%
F[ X—@ ?ﬂﬂ—im]

(i) P{X > 700)

o 100
= MZ>2)=1-_PZ<2)
= | -®2) = 1-097725 = 002275 = 2.28%
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(1111] P(400 < X < 600)

[4!]0—5[!] X—n ﬁﬂﬂuﬁﬂﬂ]
P < <

100 a 100
= M=l ZL=1)

=D(1)-Dd(-1)
= (.68266 = 68.27%

| X=p]|, 150
0 100

= P(|Z| > 15) = 24(-15)

PlZ<1)-PlZ<=-1)
0.84134 - 0.15866

]

)  P(X-pu|>150)

= 2(006681) = 0.13362 = 13.362%
X-p ﬁsn‘smj

(v) FI'X:-BEHJ'=P[

o 100
= PZ>18) =1-PZ<L8)
= 1-®(18) = 1-096407 = 0.03593 = 359%

Example 10.8  Given that the height of college bovs is normally distributed with mean 5°-2"
and standard deviation 4” and thar the minimum leight reguired for joining the N.C.C. is
5'-4", Find the percentage of bovs who would be rejected on account of their height.

Solution. Let X be the height of a college boy, then u = 5-2" = 62 inches and o = 4 inches.
The students with heights less than 5°-4" = 64 inches will be rejected for joining N.C.C. Then

P(X < 64) = Pl & ook E“"ﬂ}
o 4

= P(Z<05) = ®05) = 060146 = 69.15%

Example 109 In a normal distribution with mean g and standard deviation o find
Plu-osX=s=u+o)

Solution. Let X be a normal random variable with mean g and standard deviation o, then

g=a=p  -X=p . .H‘H-'f—.li]
o . o4

F{,u~r.r£:(£,u+ﬁ'|:[

P(-1<Z=<1)
(1) - ®(-1)
0.68268

Example 10.10 If the diameters of ball bearings are normally distributed with mean 0.6140
inches and standard deviation 0.0023 inches, determine the percentage of ball bearings with
diameters

HZ=s1)-PKZs~-1)
0.84134 — 0.15866

(i)  lessthan 0.608 inches, (ify greater than 0.617 inches,
(iii) between 0.610 and 0.618 inchesinclusive, (iv) egual to 0,615 inches,
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Solution. Let X be the diameter of a ball bearing, then u = 0.6140 inches and o = 0.0025
inches. Considering the measurement errors, we apply continuity correction to the measurements.

{f) The diameter smaller than 0.608 inches is in fact the diameter less than (.6075 inches.
Then

= 6075 — 0.6140
P{X{U.E{ITSJ=F[X i 890 ]

e~ 00025
P(Z<=26)=®D-26) = 0.00466 = 04606%

(i) The diameter greater than (.617 inches is in fact the diameter more than 0.6175 inches.
Then

P(X > 06175) = P[ Xsji, ﬂ-ﬂ?ﬁ—ﬂ.ﬁim]

o 0.0025
PZ>14) = 1-PZ<14) = 1-D(14)
1 - 091924 = 0.08076 = B.076%

(i) The diameter between 0.610 and 0.618 inches inclusive is in fact the diameter between
0.6095 and 0.6185 inches. Then

1]

"

P(0O.6095 < X < 0.6185) < <
0.0025 (o) 0.0025

= N-18<Z<18)=PZ<18)-PZ<-18)
= ®(18) - d(-1.8) = 0.96407 — 0.03593
= (092814 = 92.814%

{iv) The diameter equal to 0.615 inches is in fact the diameter between 0.6145 and 0.6155
inches. Then

[' 0.6095 - 06140 X —u  06185- 06140 ]

P0.6145 < X < 0.6155)

It

P[ 0.6145 — 0.6140 - X-pu = 06155 —ﬂ.ﬁ]‘iﬂ]
0.0025 a 0.0025

P02 <Z<06)=PZ<06)- PZ<02)

O(0.6) - (0.2) = 0.72575 - 0.57926

= 0.14649 = 14.649%

10.2.8 De-standardizing. Sometimes it is required to find a value of X that corresponds to the
standardized value of Z. We use the relation

X -u
o

10.2.9 Quantiles of a Normal Distribution. Let 0 < p < |, then the p-th quantile or
(100 p)-th percentile of the distribution of standard normal random variable Z is a value z,

such that

I

Z =

= X =u+o0Z

KZs z)

/]
=

]
=

D(z,)

z, = ®7(p)

n
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This value 7, of the p-th quantile or (100 p)-th percentile of the standard normal random
varigble Z = (X - p)/o can be de-standardized for determining the p-th quantile or
(100 p)-th percentile x, of any normal random variable X with parameters g and o by
the relation

X =u+0oZ
Therefore
X, = p+oz,
Example 10.11 If X ~ N( 50, 25 ), find the value of X which carresponds to a standardized
value
iy =14, iy 0, (i) 1.6

Solution. We have X ~ N(50, 25),then g = S0 and 62 = 25 = o = 5.Then
x—Uu x—50

I = = = x = 5+5%
o 5
Putting the values () z =-14, (i) z =0, (i) z = 1.6, we get
(i) For z = —1.4, weget

x = 504+5z =50+ 5(-14) = 43

(i) For z = 0, we get

x=50+5z =50+5(0) =350
(i) For z = 1.6, wepget

x = 50 +5z =50+ 5(16) = 58

Example 1012 If X ~ N(70, 25). find

(i)  apoint that has 87.9% of the distribution below it

(i) a point that has 81,7% of the distribution above i1,

(i) two such points between which the central T0% of the distribution lies.
Solution. Wehave X ~ N(70, 25),then 4 = D and 0® = 25 = g =5
(f) Let a be the point that has 87.9% area below it. Then

P(X<a) = B79% = 087D

P[ = "'m] = 0879
o 5
P(Z{ "“m] = 0.879
5
¢[ "_m] = 0.879
5
";m = ®'(0879) = 1.17 { From Table 10 (a) }

a=T+5(1L17) = 7585
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{di) Let a be the point with that has 81.7% area above it. Then

P(X>a) = 817% = 0817
P(X<a) = 1 —0817 = 0.183
P[ =t "Fm] = 0.183
a ]
P[z-c “'m] = 0.183
5
m[ ”__m] = 0.183
.
“‘5?“ = ®1(0183) = —0904

a = T0+5(=-0904) = 6548
{iiF) Let a, b be the two points between which 70% area lies. Then
Pla<X< b) = T0% = 070

But PiX<ca)+Pla<X< b)+P(X>0b) =1 ( Total probability )
PIX< a)+070 +PX>5b) =1
PX< aY+BX>586)=1-=-070= 030
By symmetry P(X < a) = P(X>b) =030/2 = 0.15, therefore
P[Xl‘*h] = .15
P(X <a) = 015 (X<b) =1-015 = 085
P[xr#c:a_?ulzﬂ.ls P[x_“-:b'm]=u.ss
a 5 a 5
P[z-:“_m]zu.ls P[Z{b;m]=ﬂ.85
:1:( il ] = 0.15 m[ b_m] = 0.85
5 . 5 -
- 70 -70
2 = @'(0,15)  Jndd LR @-1(085)
5 3
a-70 _ 10364 b= _ 10364
5 5
a = T0+ 5(-1.0364) = 64818 b = 70 + 5(1.0364) = T75.182

Example 10.13 If X ~ N( 24, 16 ), then find the 33-rd percentile.
Solution, We have X ~ N(24, 16),then g = 24 and al'= 16 = o =4
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For the 33-rd percentile x,,, or P,
we have
P(X < xy5,) = 0.33

F[ il A x“'334_24 ] = 033

o
P(Zﬁ‘fy@‘#] = 0413 '.:1Ii-|' 1
Fig 10.9 Thirty third percentile
Xyqq — 24 i al
o| Jon = 033 o{ th.? given norm
4 distribution
Xyqy — 24 21
*.3._4 = ®1(033) = -04399
Xoa3 = 24 + 4(-04399) = 2224

10.2.10 Finding the values of u or o or both.
Example 10.14 If X ~ N( y, 25) and P(X > 69.6 ) = 0.017, find the value of the mean, .

Solution. Wehave X ~ N(u, 25), theno® = 25 = o = 5
P(X >0696) = 0017

P(X<696) = 1 - 0017 = 0983
P[ el w‘ﬁ*“] = 0983
o 5
P[Z {M] = 0.983
5
cn[m—'”] = 0.983
5
ﬁg_'i__” - ©1(0983) = 2.120

U= 696 —5(212) = 59
Example 10.15 If X ~ N( 50, 0%) and P(X < 60.6) = 00983, find the value of the
standard deviation, .
Solution. Wehave X ~ N(50, ¢?), then u = 50
P(X < 606) = 0983

P[ T '5“'5'5“] = 0983

o [s2

. P[Z < E] = D983
o
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of

10.6 ]
a

10.6
3
10.6

0.983

@' (D9B3) = 2.120

21200 — a0 =5

Example 10.16 In a normal distribution 33% of the values are under 48 and 12.3% are
over 60, Find mean and standard deviation of the distribution.

Solution. We have

PX<48) = 33% = 033
P[ E-4 0 ]: 0.33
o o
P[Z s =) ] = 03
o
48 -
of £ ]: 0.33
| o
48 —
8K _ @1(033) = -04399
a
48 =g = =080 oy
Subtracting (7} from (if), we get
6 —u = Lis0l o
48 - u = -0439 g
=: /iy +
12 = l6o
Putting this value of & in (i), we have
60 - 4 = L1601(7.5)

P(X>60) = 123% = 0123
P(X<60)=1-0123 = 0877
P[ X—p P ]= 0.877
o aF
F(E{ 50— n J = 0.877
T
¢[ o —u ]: 0.877
a0
00-# _ o-1(0877) = 11601
a
S | @rse = L0 G et D
=3 o =735
= u o= 513

Example 1017 If X is a normal random variable with parameters g = 50 and o = 10.
Find its mean, median, mode, lower and wpper quartiles, quartile deviation, mean deviation,
variance, standard deviation, first four moments about mean, moment ratios and moment

coefficient of skewness.
Solution. We have o

50, F

10

The mean, median, mode, lower and upper quartiles of the distribution are

Mean = u = 30,
Xpas = M- 067450

Xgas = M+ 06745 @

Median: r,;, = g = 50, Mode = g = 50
50 - 0.6745(10) = 43.255
50 + 0.6745(10) = 56,745
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The guartile deviation, mean deviation, variance and standard deviation of the distribution are

Q.D(X) = 067456 = 0.6745(10) = 6.745
M.D(X) = 079796 = 0.7979(10) = 7.979
VarlX) = o2 = (10 = 100
SD(X) =0 =100 = 10

The first four moments about mean, moment ratios and moment coefficient of skewness of the
distribution are

i, = 0, B, = 62 = (10) = 100,
By = 0, gy = 30 = 3(10) = 30000
u3 (0)? iy 30000
= — = =i} = — = —— =
. ui o (100)} . pi o (100)
R e g

T Ty

Example 10.18 In a normal distribution lower and upper quartiles are 28 and 55 respectively.
Find mean and standard deviation of the normal distribution.

Solution. We have x,.. = 28 and x,,; = 55.Then

= 'tﬂ.lﬁ + ‘xﬂ.?ﬁ - 28 + 55 = 41.5
x 2 oo T
R T SR 35 - 28 - 20
1.349 1.349

10.2.11 Normal Distribution as a Limit of a Frequency Distribution of a Continuous
Variable. A normal curve serves a good approximation not only for a histogram obtained from
the binomial distribution but for many other histograms of observed frequency distributions of
continuous random variables as well. Frequently a histogram of an observed frequency
distribution with mean ¥ and standard deviation s is well approximated for a large number of
observations n = X f; by the normal curve whose equation is given by

Jlx) = it e"'r_I]z"fE”!
s 2W

where & is the common class interval in the grouped frequency distribution. The smaller the
value of f, the better the approximation will be.

Exercise 10.2

L. (@) If X isa normal random variable with i = 24 and o = 4, write down its probability
density function. Find the ordinate of its normal curve at x = 21. Also find its
maximum ordinate.

( 0.075285, 0.099735)
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(b)

(c)

2. (a)

(b)

3 (@)

(b)

(c)

(d)

Suppose that during periods of transcendental meditation, the reduction of a person’s
oxygen consumption is a random variable have a normal distribution with g = 376¢.¢c
per minute and @ = 4.6 ¢ ¢ per minute. Find the probabilities that during a period of
transcendental meditation a person’s oxygen will be reduced by

{(i'  at most 35.0 c. ¢ per minute,

(i) atleast 44.5 ¢, ¢ per minute,

(fti) any where from 30.0 to 40.0 c. c. per minute,
( 0.28604, 006681, 0.64900 )

Let X ~ N( 20, 25), find the area under the normal curve
(i) below 30,
(ify above 30,
(iif) berween 30 and 42

(0.97725, 0.02275, 0.02274)

Suppose that it is know that IQ's for adult Pakistanis are normally distributed with
4 = 100 and o = 10. If an individual with an IQ of 130 or above is classified genius,
what is the probability that a random selection yields a genius?

( 0.00135)

The mean inside diameter of a sample of 250 washers produced by a machine is 5.05
mm and the standard deviation is 0.05 mm. The purpose for which these washers are
intended allows a maximum tolerance in the diameter of 4.95 mm 1o 5.10 mm,
otherwise the washers arc considered defective. Determine the percentage of defoctive
washers produced by the machine assuming the diameters are normally distributed

( 18.14% )

The length of life for a washing machine is approximately normally distributed, with a
mean of 3.5 years and a standard deviation of 1.0 years. If this type of washing
machine is guaranieed for 12 months, what percentage of the sales will require
replacement?

{ 0.62% )
Assume that the time X required for a runner to run a mile is a normal random variable
with parameters 4 = 4 minutes 1 second and ¢ = 2 seconds. What is the

probability that this athlete will run the mile
(f)  inless than 4 minutes,

(i) in more than 3 minutes 55 seconds.
( 0.3085, 0.9987)
Assume that the distance X that a particular athlete will be able to put a shot (on his
first try) is normally distributed with parameters u = 50 feetand o = 5 feet
Compute the probability that he tosses it not less than 55 feet and the probability that
his toss travels between 50 feetand 60 feet,
(0.1587, 0.4773)

If X is normally distributed with parameters y and o, find the area under the curve
between

() (Uu-o)and (U + o),

(i) pand (p+20)
( 0.68268, 0.47725)
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4. (a)

]

5, (a)

(b)

(c)

6. (a)

b

i(c)

The heights of boys at a particular age follow a normal distribution with mean 150.3 cm
and standard deviation 5.0 cm. Find the probability that a boy picked at random from
this age group has height

(i)  less than 153 om,

(if) more than 145 cm,

(iii) between 146 cm and 152 cm.
( 0.67003, 0.83147, 0.5015)

Suppose the weekly incomes X are normally distributed with mean 10.06 Rs. and

variance 2.64 Rs. ., find the probability P(8 < X < 12). Assume that the incomes are
recorded to the nearest rupee.
( 0.87569)

Find the value of X which corresponds to a standardized value of - 2.05 and 0.86 for
each of the following distributions
(i) X ~ MN623,38)
(i) X ~ Ny, o),
(i) X ~ M(a,b).
(49.66, 67.60; u~2.050. p+0860;: a — 205 b . a + 086,b )

If X ~ N( 100, 64), find the value of a suchthat P(X < a) = 0.95.
(113.16)

If X ~ N(60, 25), find the value of a suchthat P(X > a) = 0.837.
(55.00)
In a normal distribution g = 30 and o = 5. Find
(i a point that has 15% area below it.
(ii)  apoint that has 28% area above it,
(fif)  two points containing middle 95% area,
(24.8; 329:; 20.2 and 39.8)
The time required by a nurse to inject a shot of penicillin has been observed to be
normally distributed, with a mean of g = 30 seconds and a standard deviation of
o = 10 seconds. Find the
(i} 10-th percentile, i, ., X
(if)  90-th percentile, L €., X, qq-
(17.2 sec, 42.8 sec)
Scores on a national education achievement test are normally distributed with u = 500
and o = 100.
(i)Y  What is the 95-th percentile of this distribution,
(i) What are the lower and upper quartiles of this distribution.

(iify Tf the university decides to accommodate the 40 percent of the students with
the highest scores, what is the score that separates the successful applicants
with unsuccessful?

{ 664.5: 432.55, 567.45: 525.33)
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1. (@)

(B)

8. (a)

(b)

9. (a)

(b)

10. {a)

(b)

11. (a)

(b)

12, (a)

The height a high jumper will clear, each time he jumps, is a normal random variable
with mean 6 feet and standard deviation 2.4 inches.

(i) ~ What is the greatest height he will jump with the probability 0.95?

(i) What is the height he will clear only 10% of the time?
( 68.06 inches, 75 inches )
Suppose that the amount of vaccine required to immunize human beings against
smallpox is normally distributed with g = 0.250 ounce and o = 0.040 ounce.
Increasing the dosage increase the chances of successful vaccination. What is the
minimum dosage required to produce success in 99 percent of the cases.
( 0.34304 ounces) :

If X ~ N(70,25), find the value of @ suchthat P(| X — 70| < a) = 0.8. Hence find

the limits within which the central 80% of the distribution lies.

{6.41, 63.59, 76.41) -

Bags of flour by a particular machine have masses which are normally distributed with
mean SO0 g and standard deviation 20 g. 2% of the bags are rejected for being
underweight and 1% of the bags are rejected for being over weight. Between what
range of values should the mass of a bag of flour lie is to accepted?

(458.92, 546.52)

The lengths of items follow a normal distribution with mean 4 em and standard
deviation 12 em. It is known that 4.78% of the items have a length greater than 92 cm,
Find the value of mean g

[(72)

The lengths of rods produce in a workshop follow a normal distribution with mean u
and variance 4.1f 10% of the rods are less than 17.4 cm long. Find the probability that
a rod chosen at random will be between 18 and 23 cm long.

(0.7725)

Tea is soled in packages marked 750 g. The masses of the package are normally
distributed with mean 760 g standard deviation o. What is the maximum value of the
o if less than 1% of the packages are under weight?

(4.299)

Suppose that the life in hours of an electric tube manufactured by a certain process is
normally distributed with parameters g = 160 hours and & hours. What is the
maximum allowable value for o, if the life X of a tube is to have probability 0.80 of
being between 120 and 200 hours?

(31.21)

Assume that we have a large number of students whose average weight is 150 /b and
that the weights are normally distributed. If we know that 36.4% of the students have

weights between 137 and 163 Ib. What is the standard deviation of the weighis?
12747)

In a pormal distribution g4 = 40 and P(25 < X < 55) = 0.8662. Find
P20 < X < 60).

(0.9545)

In a normal distribution 31% of item are under 45 and 8% are over 64. Find the

mean and standard deviation of the distribution,
(50, 10)
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()

13. (a)

(b)

(e)

14. (a)

(b)

15. (a)

(b)

16. (a)

(®)

If X ~ N(p, 6*) and P(X < 35) = 0.20 and P(35 < X < 45) = 0.65. Find

L and o.
(39.5; 532)

Assuming that the number of marks scored by a candidates is normally distributed, find
the mean and the standard deviation, if the number of first class siudents (60% or more
marks) is 25, the number of failed students (less than 30% marks) is 90 and the total
number of candidates appearing for the examination is 450,

(4037, 12.32)

A marketing organization grades apples into three sizes, small (diameter less than
60 mm), medium ( diameter between 60 and 80 mm ), and large ( diameter more than
80 mm ). A certain grower finds that 61% of his crop falls into the small category, and
14% into the large category, Assuming that the distribution of the diameter X of the
apples is described by a normal probability density function, calculate the standard
deviation and mean of his crop.

(24.97, 53.03)

The maximom temperature on June, 1 in a certain locality has been recorded and
observed as normally distributed over year, About 15% of the time, it has exceeded 30

C, and about 5% of the time, it has been less than 20" €. What is the mean and
variance of the data?

(2613 ¢, 1391°C)
A man cuts hazel twigs to make bean poles. He says that a stick is 240 cm long. In fact,
the length of the stick follows a normal distribution and 10% are of length 250 cm or
more while 55% have a length over 240 em. Find the probability that a stick picked at
random is less than 235 cm long.
(0.203 )
The 90-th percentile of a normal distribution is 50 while the 15-th percentile is 25.
(fy Find g and o
(if)  What is the value of 40-th percentile.
(36.17, 10.79, 33.44)

The masses of articles produced in a particular workshop are normally distributed with
mean g and standard deviation o. The 5% of the articles have a mass greater than
85 g and 10% have a mass less than 25 g. Find the value of g and @, and find the
range symmetrical about the mean, within which 75% of the masses lie.

(51.3, 205, 26.72, 73.88)

In a certain examination, the percentage of passes and distinctions were 80 and 10
respectively. Estimate the average marks obtained by the candidates, the minimum pass
and distinction marks being 40 and 75 respectively, assume the distribution of marks
to be normal.

(53.87, 16.48)

What is the importance of normal distribution in statistical theory? Describe its
properties.

Suppose that X is normally distributed with g = 25 and o = 5. Find

(i1  the lower and upper quartiles,




24 A Text Book of Statistics — Part 11
(i}  the median,
(fif} the mean deviation.
(21.6, 284, 25, 4)

(¢) Inanormal distribution, the lower and upper guartiles are respectively 8 and 17. Find
mean and standard deviation of the normal distribution,
(12.5, 6.,67)

(d) The continuous random variable X is normally distributed with mean g and standard
deviation & Giventhat P(X < 53) = 0.04 and P(X < 65) = 0.97. Find the inter-
quartile range:of the distribution.

(4.46)

17. (@) The value of second moment about the mean in a normal distribution is 4. Find the third
and the fourth moments about the mean in the distribution.
(0, 48)

(b) Find the proportion of the area under the normal curve included between the limits
4+ o put2cand g £ 30 where g and o denote the mean and the standard
deviation.

( 0.6827, 0.9545, 0.9973)
{c) If X is a random variable with distribution N 12.5, 9 ) and the random variable
Y=pg(X)=2X +5Find Pl-= 2 Y<2])and (45 2 ¥ £ =),
( 0.06681, 0.00621)
Exercise 103
Ohjective Questions
1. Fill in the blanks.
(i) The normal distribution is a ——— distribution that ranges
from —oco to oo, (continuous)

(ify  The value of the parameter @ of a normal distribution is

alwayg ——— (pasitive)
(iify  The normal distribution is a bell shaped ——— distribution.  (symmetrical)
(W) If X~N(50,25),then 6 = ———, (5)
(v) ;he maximum ordinate of the standard normal curve is at I ©)
(vi)  Ina standard normal distribution, if

P(Z < Zg47) = 0975, then 2545 = —. (1:96)
(vii) The maximum ordinate of a normal curveisat X = ()
(viii) The total area under a normal curve is ——— . (umity)

{ix) The ——— of a normal distribution correspondsto z = 0
in the standard normal distribution. (mean)
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(x)  Inanormal distribution, the mean, median and mode
are {equal)
2, Fill in the blanks.
() Inanormal distribution, — = p - 0.6745 0. (Q)
(i) In a normal distribution, ———— = g + 0.6745 ¢ (Q,)
(iiy  Inanormal distribution, QD = o. (2/3)
(iv) Inanormal distribution, M D = o. (4/35)
(vp  The limits p £ 0.6745 ¢ include ———— percent area
under the normal curve. (30)
(vijj The limits y4 * ¢ include ———— percent area under the
normal curve. (68.2T)
(viiy Thelimits y + 2 ¢ include —— percent area under the
normal curve. (95.45)
(viii) The limits g * 3 o include ———— percent area under the
normal curve. (99.73)
(ix) In a normal distribution, all odd ordered moments about mean
are 2. (zero)
(x) Inanormal distribution, f, = 0 and §, = (3)
(xiy The normal distribution is neither platykurtic nor leptokurtic
but {mesokurtic)
(xif) The points of inflexion of a normal curve are ——— from
mean. (equidistant)
3. Mark off the statements as true or false,
() Normal distribution has two parameters namely g and o . (true)
(i) If X is normally distributed with mean @ and variance o*
then itis denoted by X ~ N{, o®). (true)
(fii)  The standard normal distribution has mean 0 and variance 1. (true)
{iv)  The maximum ordinate of a standard normal curve isat Z = 1. (false)
{¥)  The standard normal distribution is symmetrical about Z = 0. (true)
{vi)  In a standard normal distribution, if
P(Z < 750s) = 0025, then 75, = — 1.96. (true)
{(vii)  Tn a standard normal distribution, if
P(Z < z5475) = 0.975, then 7,45 =1.96. (true)
(viii} In a standard normal distribution, if
P:|’|Z| < a) =095 then a = 1,96, (triie)
(ix)  The normal curve has maximum ordinate at X = 0. (false)
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4. Mark off the following statements as false or true.

(i)

(i)

(1if)

(iv)
(v)

(i)
(vif)
(viii)
(ix)
(x)
(xi)

(xif)
(xier)

{xiv)

(xv)

(v

The shape of a normal distribution depends upon its parameters
namely g and o

The parameter ¢ controls the relative flatness of the normal
curve.

The normal distribution is a bell-shaped symmetrical
distribution.

In a normal distribution, the mean, median and mode are equal.
In a normal distribution,

Q= p-067450 and Q,= p + 06745
In a normal distribution, mean and variance are always equal,
The expected value of a normal distribution is
The standard deviation of a normal distribution is o
The quartile deviation of a normal distribution is 0.6745 o

The mean deviation of a normal distribution is (0.7979 o,

The two points containing the middle 95.45% area under a
normal curve are 4 + o.

In a normal distribution, all even ordered moments about mean
are Zero,

In a normal distribution, all odd ordered moments about mean
are zZero, ",

In a normal distribution, B, = 0 and f§, = 3.
The points of inflexion of the normal curve lieat u + 2 &

The normal curve gets closer and closerto I _-axis but never
touches it.

(rrue)

(true)

(rrue)

(true)

{true)
(false)
(true)
(true)
(true)

irrue)

(false)
ifalse)

{true)

(true)

(false)

(true)

skl i




SAMPLING
TECHNIQUES
AND SAMPLING
DISTRIBUTIONS

11.1 POPULATION (OR UNIVERSE)

A population is the totality of the observations made on all the objects (under

investigation) possessing some common specific characteristics, which are of particular interest to
researchers.

The population is the aggregate of the elements and these elements are the basic units
that comprise and define a population. The population must be defined in terms of

{i) content, (if} unit, (i) extent, (iv) time

For instance, the students of first year class at a given college. the characteristic to be
investigated may be the score received by each student in a college entrance examination, in a
given year. Populations may be finite or infinite.

11.1.1 Finite Population. A population is said to be finite if it includes a limited number of
elementary units {objects or observations).

Examples of a finite population are: the heights of all the students enrolled at a college
in a given year, the wages of all employees of a steel mill in a given vear, the amount of money
spent by each student in an engineering university in a given academic year, or the grading of
items as defective and non-defective that are produced by an industry on a given day.

11.1.2 Infinite Population. A population is said to be infinite if it consists of unlimited
number of elementary units. At least hypothetically, there is no limit to the number of units it can
include.

Examples of an infinite population are: the weights at birth of all human beings, the
results obtained by rolling of a die, the lifetimes of all the bulbs produced in a production process
that operates indefinitely under given manufacturing conditions.

11.2 SAMPLE

A sample is a part of the population which is selected with the expectation that it will
represent the characteristics of the population,

11.2.1 Sampling. Sampling is a procedure of selecting a representative sample from a given
population.

11.2.2 Sample Survey versus Complete Enumeration. The collection of information from a
part of the population is called making a sample survey. The collection of information from all
elements in a population is called taking a census or making a complete enumeration,

27
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11.2.3 Purposes of Sampling. The two basic purposes of sampling are:

(i) To obtain maximum information about the characteristics of the population with
minimum cost, time and effort,

(ii) To find the reliability of the estimates derived from the sample.

11.2.4 Advantages of Sampling. Following are the main advantages of sampling over a
complete census,

(/)  Time Saving: A sample survey involves lesser amount of time and energy than a
complete enumeration both in the execution and the analysis of data. This is a vital
consideration when the information is urgently needed as the results from a sample
survey are more readily available.

(i) Economic: A sample survey requires less expenses and labour as compared to a
complete census because the cost of covering only a fraction will be lower than that of
covering the whole population.

(iif)y Accuracy: A sample survey provides the results which are almost as accurate as those
obtained by complete census, A properly designed and carefully executed sample survey
will provide even better results.

(iv) Feasibility: Sometimes the data are obtained by tests that are destructive. For example,
to know the average life of certain type of electric bulb. we shall take a sample of these
bulbs and keep them on until they burn out. We cannot think of testing the whole lot. In
testing blood of a patient we do not drain the entire blood out of him but examine just a
few drops. Sampling may be the only means available for obtaining the desired
information when the population is infinite or inaccessible. In such cases complete
enumeration would neither be physically possible nor practically feasible.

Whatever be the merits of sampling, it cannot totally replace a complete census. A
census is a record of a nation's history and its importance has to be given due acknowledgement.

F.2.5 Limitations of Sampling. If the basic facts of each and every unit in the population
are needed, census hecome indispensable. The sample will not meet such a requirement.

For example. the list of income tax payers is prepared very carefully, the list of voters is
prepared to include the name of each and every voter, or an inventory of all goods and stocks is
necessary to know the toial amount of stocks of a firm,

1.3 SAMPLING DESIGN

A sampling design is a procedure or plan for obtaining a sample from a given population
prior to collecting any data,

The collection of detailed information is known as survey. When a survey is carried out
hy a sampling design, it is called a sample survey. A sample survey should be properly planned
and carefully executed in order to avoid inaccuracies,

11.3.1  Sampling Units. Sempling wnits are those basic units of the population in terms of
which the sample design is planned.

The sampling units must be distinct and exhaustive, i e., they must make up the whole
population and they must not be overlapping. Sometimes the sampling unit is obvious, as in a
population of students or in a population of light bulhs. Sometimes there is a choice of sampling
unit. In sampling an agricultural crop, the sampling unit might be a field. a farm or an area of land
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whose shape and area is at our disposal. In sampling a human population, the unit might be an
individual person, the household or all the persons living in a block.

11.3.2 Sampling Frame. A sampling frame is a complete list of the sampling units.

For example, a complete list of all the students in a college on May 10, 1995, is the
frame.: A complete list of all households in a city is an other example of the frame.
11.3.3 Types of Sampling Designs. Meaningfulness of estimates, obtained from a sample,
depends upon the methods of selecting a sample. Broadly speaking there are two different
sampling schemes.
()  Non-probability sampling
(ify  Probability sampling

1.4  NON-PROBABILITY (NON-RANDOM) SAMPLING

A non-probability sampling is a procedure in which we cannot assign to an element of
population the probability of its being included in the sumple.

We often make inferences about the population from arbitrary and informal samples. A
wheat dealer forms his opinion about a sackful of wheat by examining just a few grains. To say
about the quality of rice cooked in a big pot, the cook takes only a spoonful of rice to taste and
decide on its quality of cooking. Such arbitrary selections are frequently miade in research, in
biological and physical sciences.

11.5  PROBABILITY (RANDOM) SAMPLING

A probability sampling is a process in which the sample is selected in such a way that
every element of a population has a known non-zero (not necessarily equal) probability of being
included in the sample.

The advantage of probability sampling is that it provides a measure of precision of the
estimates. The underlying principle of a random sample is that personal factor is eliminated in the
selection as the investigator does not exercise his discretion in the choice of items. No factor other
than chance affects the likelihood of an item being included in or excluded from the sample. A
random sample may be taken with or without replacement.

11.5.1 Random Sampling With Replacement. Sampling is said to be with replacement from
a population ( finite or infinite ) when the unit selected at random is returned to the population
before the next unit is selected. The formal description of the sampling method is as follows.
1.  Anobject is selected from the population in a way that gives all objects in the population
an equal chance of being selected.
3. The characteristics level of the object selected is observed, and the object is returned to
the population prior to any subsequent selection,
3,  Forasample of size n, steps (1) and (2) are performed n times

Thus the number of units available for future drawing is not affected. The population
remains the same and a sampling unit might be selected more than once.

11.5.2 Random Sampling Without Replacement. Sampling is said to be without replacement,
when the sampling unit selected at random is not returned to the population, before the next unit
is selected. The formal description of the sampling method is as follows.

1.  The first object is selected from the population in a way that gives all objects in the
population an equal chance of being selected.
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2. The characteristics level of the object selected is observed, but the object is not returned
to the population.

3. An object is selected from the remaining objects in *he population in a way that gives
all the remaining objects an equal chance of being sel=cted, and step (2) is repeated.
For a sample of size n, step (3) is performed (n — 1) times.

Thus the number of units remaining after each drawing will be reduced by one. In this
case, a sampling unit selected once cannot be selected again for the sample because the selected
unit is not replaced.

11.6 SIMPLE RANDOM SAMPLING

Simple random sampling is a procedure of selecting a sample of n  units
(n = 1, 2,--+, N) from the population of -N units in such a way that:

() Every unit available for sampling has an equal probability of being drawn.
(i) Every sample of size n has the same probability of being selected.

A sample drawn by this procedure is called a simple or unrestricted random sample. A
sample containing n elements selected from a population consisting of N elements is called a
sample of size n. The simple random sampling is used in the population which is essentially
homogeneous in terms of some characteristics relevant to the enquiry. For small populations
where the elements are easily identifiable and accessible, simple random sampling may be easy to
apply. ;
Theorem 11.1 If a simple random sample of size n is selected from a finite population of size
N. then the number of all possible samples is given as

No. of possible samples

N", if sampling is done with replacement

No. of possible sanples ! if sampling is done without replacement

Proof. A sample of size n under simple random sampling ( with or without replacement )
consists of an ordered specification of n elements, namely
( the first chosen, the second chosen, - - -, the n-th chosen. ]

Sampling With Replacement. 1f we use sampling with replacement, the number of units
available for each drawing are W.

The first unit of the sample can be selected in N different ways, the second unit of the sample
can also be selected in N ways, the third unit of the sample can also be selected in N ways, and
s0 on, the n-th unit of the sample can also be selected in N Ways.

Using the multiplicative principle, the number of all possible samples of size n, that could be
selected from a finite population of size N, is

No. of possible samples

NxNxN- -+ ntimes
= N

A sample of n units constitutes only one arrangement. and there are N " possible arrangements

of n units from a finite population of N units. Each of the N* possible samples is selected with
the same probability

: XL X+ plimes = ! &
N N

1
N i
N N> NN ntimes -
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Sampling Without Replacement. If we use sampling without replacement, the number of units
remaining after each drawing will be reduced by one

The first unit of the sample can be selected in N different ways, the second unit of the sample
can be selected in (N — 1) ways, the third unit of the sample can be selectedin (N — 2)
ways, and so on, the n-th unit of the sample can be selected in (N — n + 1) ways.

Using the multiplicative principle, the number of all possible samples of size n, that could be
selected from a finite population of size N, is

No. of possible samples = N(N - 1N -2)--- [N-(n—-1)}

NIN-1L}N-2)-(N-n+1)

NiIN=1) - (N=n+1)}{(N=-n)---(3)2)1)
(N=n)---(3)(2)(1)

— NI -
T (M=n) i

A sample of n units constitutes only one arrangement, and there are ¥ P, possible arrangements

of n units from a finite population of N units. Each of the ¥ P, possible samples is selected
with the same probability

1 1 1 1 1
o Rl = =

NN~} N-n+l NN -1+ (N=n+1) L
11.6.1 Random Digits. A table of random digits consists of a sequence of digits designed to
represent the result of a simple random sampling with replacement from a population of digits 0,
1, 2, ---, 9. Ina table of random digits each digit from 0 to 9 is called a random digit, each

having the probability of occurrence of 1/ 10 . Here random implies that all of these digits have
the same probability of occurrence and the occurrence and non-occurrence of any digit is
independent af the occurrence and non-ocenrrence af all other digits. Table 15 is such a table.

In a random digits table, random digits are normally combined to form numbers of more
than one digit. For example, random digits taken in pairs will result in a set of 100 different
numbers from 00 to 99, each having a probability of occurrence of 1/100 and each being
independent of other numbers similarly formed. Likewise random digits taken in triples will
result in a set of 1000 different numbers from 000 to 999, each having a probability of
occurrence of 1/ 1000 and each being independent of other numbers similarly formed. Similarly,

random digits taken in quadruples will result in 10000 different numbers from 0000 to 9999,
each having a probability of occurrence of 1/ 10000, and each being independent of other

numbers similarly formed,

11.6.2 Selection of Simple Random Sample. A simple random sample can be selected by the

following methods.

(i) Lottery Method. In this method, a distinct and different serial number from 1 to N is
assigned to every unit of the population of N units and the number is recorded on a card
or a slip of paper. All the numbered slips are then placed in a container, and they are
thoroughly mixed. A blind selection is made of the number of slips required to constitute
the dgsired size of the sample, The items corresponding to the slips drawn will constitute
the random sample. The selection of items depends entirely on chance. Some lotteries
use a rotating wheel in selecting tickets. The wheel has equal segments on its rim, one
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for each of the digits 0 through 9. N louery rickets are numbered from 1 to M.
Suppose the tickets have three-digit numbers, A ticket number then would be selected by
spinning the wheel thrice and recording the digit which appears at the pointer each time
the wheel stops. If the digit sequence is 534, then the ticket number 534 is selected.
The lottery method becomes quite cumbersome to use as the size of population becomes
large, then an alternative method of selection of a random sample is employed.

(i) Using Random Digirs. In this method a distinct sampling number from 0 to (N -1)
is assigned to every unit of the population of N umits. A table of random digits is
consulted with a randomly selected starting point in the table. The table is read in single
digits, in groups of two, three or more according to the number of digits in the sampling
number ( N — 1) assigned to the last unit in the population. Any number greater than
(N = 1) is discarded. A number appearing second time is also discarded if the
sampling is without replacement. Continue the process of selecting the random digits or
numbers until the desired sample size is reached.

11.7  STRATIFIED SAMPLING

If the elements in the population are not homogenous, then the population is divided into
non-overlapping homogeneous subgroups, called strata, and sample is drawn separately from
each stratum by simple random sampling. This sample is called stratified random sample. The
process of dividing a heterogeneous population into homogeneous subgroups is called
stratificarion.

The benefit of this method is that if non-overlapping homogeneous subgroups of the
population can be identified, then only a relatively small number of observations are needed to
ascertain the characteristics of each subgroup. Strarification is uwsed also to improve sample
estimates of population characteristics. Stratification is used:

(i}  to provide an adequate sample for each stratum,
(if)  because it can give more precise estimates of population characteristics than other types
of samples,
1.8 ERRORS
11.8.1 True Value, By true value we mean the value that would be obtained if no errors were
made in any way in obtaining the information or computing the characteristic of the population.

True value of the population is possibly obtained only if the exact procedures are used
for collecting the correct data, each and every element of the population has been covered and no
mistake or even the slightest negligence has happened during the process of data collection and its
analysis. It is usually regarded as an unknown constant,

11.8.2 Accuracy. By accuracy we refer to the difference between the sample result and the
true value. The smaller the difference, the greater will be the accuracy. Accuracy can be
increased:

(i) By elimination of technical errors.

(fi) By increasing the sample size.
11.8.3 Precision. By precision we refer to how closely we can reproduce, from a sample, the
results which would be obtained if a complete count (census) was taken using the same method of
measurement.
11.8.4 Error. The difference between an estimated value and the population true value is
called an error. Since a sample estimate is used to describe a characteristic of a population. A
sample being only a part of a population cannot provide a perfect representation of the
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population, no matter how carefully the sample is selected. We may think as to how close will the
sample estimate be to the population true value. Generally it is seen that an estimate is rarely
equal to the true value. There are two kinds of errors:

()  Sampling (random) errors

(i) MNon-sampling (non-random) errors
11.8.5 Sampling Error. A sampling error is the difference between the value of a statistic
obtained from an observed random sample and the value of corresponding population parameter
being estimated,

A sample may not provide a true representation of the population under study, simply
because samples represent only a part of a population and thus depend on * the luck of the draw ",
even if the sample survey is properly designed and well-implemented. Generally, let T be
sample statistic used to estimate the population parameter 6, then the sampling error, denoted by
E, is defined as

E=T-8

The value of sampling error reveals the precision of the estimate. Smaller the sampling

error, the greater will be the precision of the estimate. The sampling errors can be reduced:

(i) By increasing the sample size.

(i) By improving the sampling design.

(iif) By using the supplementary information. .
11.8.6 Non-sampling Errors. The errors that are caused by sampling the wrong population of
interest and by response bias, as well as those made by an investigator in collecting analysing and
reporting the data, are all classified as non-sampling or non-random errors. These errors are
present in a complete census as well as in a sample survey.
11.8.7 Bias. Bias is the difference between the expected value of a statistic and the true value
of the parameter being estimated, Let T be the sample statistic used to estimate the parameter 8,
then the amount of bias is

Bias = E(T)- 8
The bias is positive if E( T) > 6, itis negative if E(T) < @ and it is zero if
E(T) = 6. Bias is a systematic component of error which refers to the long-run tendency of the
sample statistic to differ from the parameter in a particular direction. Bias is cumulative and
increases with the increase in size of the sample. If proper methods of selection of units in a
sample are not followed, the sample results will not be free from bias.

Exercise 11.1
1. (@) Explain the terms: Population; Sample: Sampling frame; Sampling unit.
(b) Define suitable populations from which the following samples are selected:
(i) One thousand homes are called by telephone in the city of Karachi and asked to
name the T.V programme that they are now watching
{if) A coinis flipped 53 times and 32 heads are recorded.
(iif) Two hundred pairs of a new type of combat boots were tested for durability in
Viemam and, on the average, lasted two months.
{ (i) Homes in Karachi city having telephones and T.V.,
{(ii) An infinite number of tosses of a coin,
(iif) Total production of a new type of combat boots during a particular period. )
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{c)

. (a)

(&)

(e}

. (a)

(b)

(e)

. (a)

()

(e}
. (a)

(B)

In each of the following situations, determine whether the sampling is done from a finite
population or an infinite population and then define the population.

(f} A coin is tossed 20 times and 12 heads are recorded,

(if)  Ten employees of large manufacturing company are selected as representatives
of labour to serve as a labour management committee.
(i1f) A sample of bulbs is selected periodically to determine the number of defective
bulbs produced by a production unit.
(iv) A coinis weighed 15 times to estimate its true weight.
{ (i) Infinite—population is all the potential tosses of the coin,
(if) Finite—population is all the employees of the company,
(iii) Infinite—population is all the bulbs produced by the production unit,
(iv) Infinite—population is all the potential weights of the coin. |
What is meant by sampling? Describe the advantages of sampling over complete
enumeration,
For each of the following reasons, give an example of a sitwation for which a census
would be less desirable than a sample. In each case, explain why this is so,

() Economy (if)  Timeliness
(fif)  Size of population (iv) Inaccessibility
(v}  Accuracy (vi) Destructive observations?

Distinguish between the following:

{(fi  Population and sample,

(if)  Sampling with and without replacement,
Distinguish between probability and non-probability sampling, giving examples.
Describe the advantages of using a probability sample.
What do you understand by a simple random sample? By taking some artificial
example, explain the method of drawing a simple random sample.
Distinguish between the following:

(i) Random sampling and simple random sampling.

(i) Simple random sampling and stratified random sampling.

(it)  Sampling and non-sampling errors.
Explain how would you select a random sample of 10 households from a list of 250
households, by using a table of random digits.

A poll is to be conducted to determine the voting preference of the voters in 2 certain
city. Design a sampling plan such that the sample would be representative of the
population of all the voters.

In a certain locality, there are 300 households. We wish to select a sample of 50
households. How would you select this sample using Random Numbers?

What is the difference between precision and accuracy of a result? Explain with some
examples.

What are two broad categories of errors in data collected by sample surveys? What are
the methods for reducing sampling error?
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11.9  SIMPLE RANDOM SAMPLING
AND SAMPLING DISTRIBUTIONS

As we have already mentioned that a random sample must be chosen in such a way that
it is representative of the population about which we want to make inferences. A random sample
of observations can be chosen in either of the two ways: with replacement or without
replacement.

11.10 SAMPLING DISTRIBUTION OF A STATISTIC
11.10.1 Parameters. The numerical quantities, that describe probability distributions, are ¢alled
paramerers. Parameters are fixed constants that characterise a population.

Parameters are usually denoted by Greek letters. Thus, nt ( the probability of success in a
binomial experiment ), and g and o ( the mean and standard deviation of a normal distribution )
are examples of parameters.

Let x,, x,, *+*, x, bethe N elements of a population. A population value summarizes the

values of some characteristic ( or characteristics ) for all N units of an entire population, It
describes some featre of the distribution of the random variable ( or variables ) in the defined

population. Let x,, j = 1,2, - -+, N, be the observed value of some random variable X for the
J-th element in the population, then some of the examples of the population parameters are:
il
Population total: T = le Xy,
il
g, %y
Population mean: u=-—
N
N 2
EI{ o i
Population variance: 0! = LF__
: ; No.of elemenis with attribute A k
Population proportion: =n = — = —
Popularion size N

11.10.2 Statistic. A staristic is o function, of the observations of a random sample, which does
not contain any unknown parameter.

We know that a number of simple random samples can be drawn from the same
population and each sample gives a different value of the statistic that is used as an estimator of
the population parameter. The sample statistic is a random variable having its own probability
distribution. We intend to use a statistic to make inferences about the distribution of the
population. A statistic is usually denoted by a small Latin letter (X, 5, r ) lo represent its
value obtained from an actually observed sample. A statistic is denoted by a capital Latin letter

(X.5R)wo represent its random nature,

Let x,, x,, ', x, be the observed values of a random sample X, X,.--+, X ofsize n
from a given population of N items. A sample value is an estimate calculated from the »
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clements in the sample. Let x,, i = 1,2, --+, n be the i-th ¢element in the sample, then the

observed values of sume of the sample statistics are

Sample total; ;1 x;
I
Sample mean: o
n
n n .
Elfxr- -%)? _.E.![.ti -3
Sample variance: P o . §% = C
n n=-1
where ns? = (n - 1)5§?
- No. of elements with attribute A x
Sample proportion: = = 2
PR E Sample size n

11.10.3 Sampling Distribution of a Statistic. The sampling distribution of statistic is the
probability distribution of the statistic obtained from all possible samples of some specified size
that can be drawn from a given population.

11.10.4 Standard Error of a Statistic. The standard deviation of the sampling distribution of a
statistic is called the standard ervor of the staristic.

11.11 SAMPLING DISTRIBUTIONS
FROM GENERAL POPULATIONS

We will now look at the most common situations where the Central Limit Theorem is
used to specify approximate probability distributions for sample statistics where sampling is done
from general ( non-normal ) populations.

The particular sampling distributions we are interested in are those for: (i) the mean,
(if) the difference between two means, (iii) the proportion of successes, (iv) the difference
between two proportions.

11.12  SAMPLING DISTRIBUTION
OF THE SAMPLE MEAN, X

The sampling distribution of the sample mean X is the probability distribution of the
means of all possible simple random samples of n observations that can be drawn from a given

population with mean g and variance ¢* .

11.12.1 Standard Error of X . The standard deviation of the sampling distribution of the
sample mean X, denoted by o, is called the standard error of X .

j To discuss the relationships between the population and the sampling distribution of the
sample mean, the following symbols will be used.
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N = Population size n = Sample size

[ = Population mean Mg = Mean of the distribution of X
o’ = Population variance cri— = Variance of the distribution of X

o = Population standard deviation oy = Standard error of the distribution of X

11.12.2 Properties of the Sampling Distribution of X. The properties of the sampling
distribution of the sample mean are given by the following theorems:

Theorem 11.2  The mean of the sampling distribution of X, denoted by § ¢ is equal to the
mean of the sampled population, i. e,

F’f= E[f} = pu

This theorem holds regardless of the sample size n or whether sampling is conducted with or
without replacement.

Theorem 113  The variance of the sampling distribution of X is equal to the variance of the
sampled population divided by the sample size. L. .,
2

(4]
a

= Var(X) =

= Ba

n

where X is the mean of a random sample of size n from an infinite population (or sampling
with replacement) with mean |t and finite variance o*.

The standard error of X then becomes
o’ o

L2 (T -

However, if the value of o is unknown, it is replaced by the sample standard deviation S, the
estimate of the standard error of X then becomes

S

Theorem 11.4  The variance of the sampling distribution of X is

—— 2 -
- VaﬂX}:GT[':r_’;]

a

]

where X is the mean of a random sample of size n drawn without replacement from a finite
population of size N with mean u and variance a*. The factor (N — n)/{ N — 1) is usually
called as finite population correction { fp c ) for variance.
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The standard error of X then becomes
o[ N=n o A N-=n
x| =t | Jn Y N-1

However, if the value of @ is unknown, it is replaced by the sample standard deviation S, the
estimate of the standard error of X then becomes

-

I 3 N=n

e o R &

where, j = M
'|| n—1

Theorem 11.5  If X is the mean of the random sample of size n drawn from a normal
population with mean | and variance &> (known), the sampling distribution of X isanormal

g_ =
X

distribution with mean U and variance ajfr.r regardless of the size of the sample (including
sample size 1), The distribution of the standardized sampling errors
g Ely K

| gz o/\n
will be standard normal distribution.
Theorem 11.6 (Central Limit Theorem). For a large sample size, the mean X of a random
sample from a population with mean [ and finite variance &* has a sampling distribution theat
is approximately normal with mean y and varianee dz,n'r n regardless of the probability

disiribution (shape) of the sampled population. The lager the sample size, the better will be the
nermal approximation to the sampling distribution of X . The distribution of the standardized
sampling errors

7z = E_Hf = E_E-.

g Gﬁ'
will approach the standard narmal distribution as n tends to infinity.
Example 11.1 A population consists of four children with ages 2, 4, 6 and 8. Take all
possible simple random samples of size 2 with replacement. If X is the age of a child, find,

(i) the theoretical sampling distribution of X , the mean age of two children in a sample;

(i) the mean, variance and standard error of X ;
(i) the mean, variance and standard deviation of the population,
Verify the results

) pg=4p i o} = L i) o5 = —=
n

X ﬁ
Solution. Population: 2, 4, 6, 8, Population size: N = 4; Sample size: n = 2
Number of possible samples = Nx N = 4 x4 = 16

All possible samples that can be drawn with replacement from our population, and their means
are shown in the following tree diagram.
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First Second Sample values Sample sum _ 2 x;
draw draw X; b iy

2 2.2 4 2
2 < 4 2,4 6 3
6 2,6 8 4
B 2.8 10 5
2 4,2 : 6 3
4 < ’ he 8 4
[ 4.6 10 5
| 8 4,8 3 .
2 6.2 8 4
6 3 6, 4 10 5
6 5y 12 6
8 6, 8 14 7
: Bk 10 5
8 é ¢ e 12 6
: : E 14 7
2 16 8

Fig. 11.1 A tree diagram showing all possible samples of size 2 drawn with
replacement from a population of the 4 equiprobable values 2, 4, 6, 8

The sampling distribution of sample mean X , its mean, variance and standard error are

Value of X Number of occurrences Probability
¥ f p(E) = fIXf X p(¥) x* p(%)
2 I 1/ 16 2/16 4/16
3 2 2/16 6/16 18/ 16
4 3 3/16 12/16 48/ 16
5 4 4/16 20/ 16 100/16
6 3 3/16 18/16 108/ 16
7 2 2/ 16 14/16 98/ 16
8 I 1/16 8/16 64/ 16
Sums Si=16 [ 80/ 16 440/ 16

U= = EX) = L¥ p(¥) =-%= 5

=

Var(X) = I3 p(X) - p = %Amz = 25

=yt
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oy = JVar(X) = J25 = 158

The mean, variance and standard deviation of the population

X 2 4 6 8 |Zx =20
+ 4 16 36 64 xj =120
X 20

II_[ = 4 = = j
N 4
Zxj 120 x

2 r T

ol = T - (5 =5
N 4

o =5 = 223

We are to verify that

T ha

o
o= i) ol =—— (i) o= =
M pg=p @ o} =— i
5 =25 28 = -5— 1.58 = Eﬁ—
2 oy
25 = 25 1.58 = 1.58

Example 11.2 A popularion consists of values 3, 6, and 9, Take all possible simple random

samples of size 3 with replacement. Form the sampling distribution af sample mean X. Hence
state and verify the relationship berween

(i) the mean of X and the population mean,
(i)  the variance of X and the population variance,
(iii) the standard error of X and the population standard deviation.
Solution. Population: 3, 6, 9; Population size: N = 3; Sample size: n = 3
Number of possiblesamples = NxNx N = 3 x3x3 = 27

All possible samples that can be drawn with replacement from our population, and the sample
means are shown in the following tree diagram.

First Second Third Sample values A _ 15 7
draw draw draw o A
33281 5 3
3 ~< 6 3,3,6 12 4
D %0 15 5
3 3.6,3 12 4
3 b 6 3.6,6 15 5
N 9 ——— 36,9 18 6
3 —3,9,3 15 5
9 < 6 3,9.6 18 6
ke 3.9.9 21 7
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3 6,3.3 12 4
3 < 8 6,3, 6 15 5
9 6,3.9 18 6
3 6,6,3 15 5
6 b 6 6, 6,6 18 6
9 6,6,9 21 7
3 6,9,3 18 6
9 i 6,9,6 21 7
9 6,9,9 24 8
= 9,3,3 15 5
== 9,3,6 18 6
. 9,3,9 21 7
B e o 9,6,3 18 6
9 e 9,6,6 21 7
2 9,6,9 24 8
- 7 9,9,3 21 7
i 3 9.9,6 24 8
9,9,9 27 9~
Fig. 11.2 A tree diagram showing all possible samples of size 3 drawn
with replacement from a population of 3 equiprobable values 3, 6, 9.
The sampling distribution of sample mean X , its mean, variance and standard error are
Value of  Number of occurrences Probability _
x I px) =fILSf x p(x) Xt p(x)
3 ] 1/ 27 327 9/ 27
4 3 3/ 27 12/ 27 48/ 27
5 6 6/ 27 30/ 27 150/ 27
6 7 727 42/ 27 252/ 27
7 6 6/ 27 42/ 27 294/ 27
8 3 3/ 27 24/ 27 192/ 27
9 1 27 9/27 81/ 27
Sum Yf=27 1 162/ 27 1026/ 27
e 162
by = E(X) = X p(x) = e
= B 1 1026
ol = Van(X) = L% p(X) - pf = T-{af =2

oy = Var(X) = 2 = 1414
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The mean, variance and standard deviation of population

x; 3 6 9 |Zx =18 |
x3 9 36 81 |Zx =126
T I8
o D .
A=y "3 ="

ey y 126
[ - s =

g = ﬁ = 2.-1'495

We are to venfy that

(i) - i o = i) oy = —
F.‘:’ = H L X i X F
=
6 =6 2 = a 1414 = s
3 J3
2 =72 1414 = 1414
Example 11.3 A random variable X has the following probability distribution.
Xy 4 5 6
plx;) 0.3 0.5 0.2

If @ sample of size. 2 is taken with replacement, obtain the sampling distribution of X.
Determine the mean and variance of the sampling distribution, Find the mean and variance of the
population. Discuss the results,

Solution. We have an infinite population. Since the sample is drawn at random with replacement
from the infinite population, the sample values are independent. Thus the distribution of possible
samples of size n = 2 drawn with replacement is

Sampie values Sample total Sample mean Prabability
X 2 x, ¥ = 2% pl X )
n

4.4 8 4.0 (033(0.3) = 0.09
4.5 9 45 (03)(05) =015
4.6 10 5.0 (03)(0.2) = 006
5,4 9 4.5 (053(0.3) =015
55 it 5.0 (05)(05) =025
5.6 11 35 (05)(02) =010
6,4 1 50 (0.23(0.3) = 0.06
6,5 11 55 (0.23(0.5) = 0.10
6, 6 12 6.0 (02)(02) =004

Sum 1
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The sampling distribution of sample mean X, its mean, variance and standard error are

Value of Probability

X plx) x plx) X p(x)
4.0 0.09 0.36 1.440
4.5 0.15+0.15 = 0.30 1.35 6.075
5.0 0,06 +0.25 + 0.06 = 0.37 1.85 9.250
5.5 0.10 +0.10 = 0.20 1.10 6.050
6.0 0.04 0.24 1.440
Sums i 4.9 24.255
My = E(X) = L3 p(X) = 49

ol = Van(X) = L X% p(¥) - puy = 24255 - (49)' = 0245

o5 = |Var(X) = 0245 = 0495

The mean, variance and standard deviation of population

x; 4 5 6
plx;) 0.3 0.5 0.2
x; plx;) 1.2 25 1.2 Zx, plx)) = 49
x} plx;) 4.8 125 7.2 Txdplx;) = 245
p o= E(X) = Xx; p(x;) =
6 = VarlX) = Zaiplx;) - p? = 245 - (49) = 049
o =049 = 07
We are to verify that:
M pg=p i@ o} = -?"i i) o = j’;
49 = 49 0.245 = % = 0.245 0.495 = ﬂ'j = 0495

Example 11.4 A population consists of value 3, 5. 7 and 9. Take all possible simple random
samples of size 2 without replacement. Form the sampling distribution of sample mean X . Find
the mean. variance and standard error of X . Find the mean, variance and standard deviation of

the population. Verifv thar.

: TR ol [ N-n o N-—n
(f) g = M (i) aE = - {N—I] (iif) GI:W T

Solution. Population: 3, 5, 7, 9 Population size: N = 4;  Sample size: n = 2
Number of possible samples = N(N-1) = 4(4-1) = 12
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All possible samples that can be drawn without replacement from our population, and their means
are shown in the following tree diagram,

First Second Sample values ¥ x _ zx
draw draw x ‘ e

5 35 8 4

3< 7 %7 10 5

9 3.9 - 12 6

3 53 8 4

5 < 7 5,7 12 2

9 5,9 14 7

3 7,3 10 5

7 < 5 73 12 6

9 7,9 16 8

3 9,3 12 6

9 < 5 9,5 14 7

7 9.7 16 8

Fig. 11.3 A tree diagram showing all possible éamplcs of size 2 drawn
without replacement from a population of 4 eguiprobable values 3, 5. 7, 9.

The sampling distribution of sample mean X, its mean, variance and standard error are
Valueof X  Number of occurrences Probability

T I p(E) =fIZf _ pE) x p(x)
4 2 2/12 8/12 32/12
5 2 2/12 10/12 .+ 50{12
6 4 4/12 2412 14412
7 2 2/12 14/12 98/12
8 2 2/12 16/12 128/ 12
Sum Yf=12 . 1 72/12 452/12

o [ i
By = EiX) = Exp(:r} =E = 6
6% = VanX) = L ¥ p(¥) - p% = %—fﬁf = 1667

oz = JVar(X) = J1.667 = 1291




Sanrpﬁ.l!g Techniques And Sampling Distributions 45

The mean, variance and standard deviation of population

X 3 5 7 g Exj =24
x5 9 25 49 81 in;* = 164
Ex; 24
= _— = ﬁ
¥ N 4
Zx; 164
F i I _ i = Iy =5
o " H 2 (6)
g = ﬁ = 2236
We are to verify that
o N-n
] = = 1 ﬂ'z il O = —
@) py=p (i) [ ] (iii) og -J'T =1
5( 4- 2236 [(4-2
6 =6 1. = — 129 = e
i [ 4—1 ] J2 Y4-1
1.667 = 1.667 1.291 = 1.291

Example 11.5 A population consists of values 0, 3, 6 and 9. Take all possible simple
random samples of size 3 without replacement. Form the sampling distribution of sample mean
X . Hence state and verify the relationship between

(i)  the meanof X and the papulation mean,
(if)  the variance of X and the population variance,
(iiiy the standard error of X and the population sh;mdard deviation,
Solution. Population: 0, 3,6,9; Population size: N = 4; Sample size: n = 3
Mumber of possible samples = N(N - 1)} N-2)=4(4-1}4-2) =

All possible samples that can be drawn without replacement from our population, and the sample
means are shown in the following tree diagram.

First Second Third Sample values = X
draw draw draw X i SR L
5 < 6 — 0,36 9 3
g —— 0,3,9 12 4
3 0, 6,3 g 3
0 f————
9 0,6,9 i3 5
9 < 3 0,93 12 4
6 0.9.6 15 3
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u{f_’__—: 6 3,0,6 3
i 3,0,9 12 4
0 3,6,0 3
. = 9 3,6,9 1 6
0 3,9,0 12 4
q_< 6 3,9,6 18 6
3 6,0,3 9 3
u< 9 6,0,9 15 5
0 6,3,0 3
6 e §
9 6,3.9 18 6
g.< 0 6,9,0 15 5
3 6,9, 3 18 6
_< 3 9,0,3 12 4
v 6 9,0,6 15 5
" 3< 0 9,3,0 12 4
6 9.3,6 18 6
6__::: 0 9,6,0 15 5
3 9,63 18 6

Fig. 11.4 A tree diagram showing all possible samples of size 3 drawn without
replacement from a population of 4 equiprobable values 0, 3, 6, 9. v

The sampling distribution of sample mean X, its mean, variance and standard error are

Value of X Number of occurrences Probability
X i) px)=fIEf X p(x) X% p(x)
3 6 6/ 24 18/ 24 54/ 24
4 6 6/ 24 24/ 24 96/ 24
5 6 6/ 24 30/ 24 150/ 24
6 6 6/ 24 36/ 24 216/ 24
Sums 2f=24 1 108/ 24 516/ 24
By = E(X) = IX p(X) = % = 45
ur; = Var(X) = LX* p(T) - pg = 28 (455 = 125

24

=1
i

Jvar(X) = J125 = 1118
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The mean, variance and standard deviation of population

X, 0 3 6 9 [Zx =18
% 0 I T
Zx 18
— 1 B oe— = 45
" N 4
3 EIE j .l
ot = Lyl :ﬁ-m,sr = 11.25

N 4

¢ = 1125 = 33541

We are to verify that

o e 1 -‘J': N-—n | e 43 N—n
(i) : = i) oz = — i) o, = —
i G Ny n N—]J % Jn ¥ M-
- A : =
45 = 45 g8 o SLEB | A3 T I L L K e
3 4-1 3 4-1
1.25 = 1.25 1.118 = 1L.118
Example 11.6 A random variable X has the following probability distribution.
|
pix;) 02 0.4 0.4

If a simple random sample of 3 numbers is taken without replacemeni, obtain a sampling
distribution of the sample mean X. Find the mean, variance and standard error of X .

Solution. We have an infinite population, The actual sampling distribution of X, the sample
mean of three numbers taken without replacement, is impracticable because the population is
infinite. Since the sample is drawn at random without replacement from the infinite population,
the sample values become independent. Then the actual sampling distribution of X , the sample
mean of three numbers taken without replacement, is impossible but it virtually becomes the
sampling distribution of X the sample mean of three numbers taken with replacement.

The population size N is infinite and n = 3. Then the finite population correction

Noa = | as N = = and 2L i e
N -1 Jn ¥ N1 Jn
The mean, variance and standard deviation of popularion
x; 3 4 5 Sum
plx;) 0.2 0.4 0.4 Lplx;) =1 :
X plx;) 0.6 1.6 2.0 Lx;plx;) = 42
%) px;) 18 6.4 100 | Zx}plx;) = 182
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u = EX) = Zap(x) = 42

a? = VartX) = Zx?p(x) - p® = 182 - (42) = 056
The mean, variance and standard error of X

By = B = 4.2

—_ = —— = {}187
n 3

oy = y 0.187 = 0432

Example 11.7  The weights of 1000 students of a college are normally distributed with mean
68.5 kg and standard deviation 2.7 kg. If a simple random sample of 15 students is obtained
from this population, find the expected mean and standard deviation of the sampling distriburion
of means if sampling were done (i) with replacement and (ii) without replacement.

Solution. We have
Population mean: g = 68.5, Population standard deviation: & = 2.7
Population size: N = 1000, Sample size: n = 25
(i) Sampling with replacement:
Ug=H = 68.5 kg.

o 27

Jn 25
(i) Sampling without replacement;
Hy = M = 68.5 kg.
1000 - 25

o N-n 23
Ty = —— | ——— —_ | ——— = 053
£ _‘{I N-1 [25 1000 - 1 ke
Example 11.8 Given the population 1, 1, 1, 3, 4, 5, 6, 6, 6, and 7.
{@) Find the mean and standard deviation for the sampling distribution of mean for a
sample of size 36 selected at random with replacement.

{b) Find the mean and standard deviation for the sampling distribution of mean for a
sample of size 4 selected at random without replacement.

Solution. The mean and standard deviation of the population are:

a

=

=1

0.54 kg

]

L |t ¥ ¥ 3 & 5 6 6 6 7 {ixyed
x} 1 1 1 9 16 25 36 36 36 49 |Za} =210
p:zx-’ =£=4
N 10
Lx3
o = I_ 2 = (2N 4y = 223
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(a)

(&)

Sampling With Replacement. We have, sample size n = 36. The mean and standard
ermor of X - are;

o 2.236
= — = (373
1.1':1 1,||' 36

Sampling Without Replacement. We have, sample size n = 4. The mean and standard
error of X are:

#f=ﬂ=4

ﬂ'fz

N=mn 2236 | 10-4
e i

_ &
BN 3| s P | (T

Exercise 11.2

1. (a)

()

2 (a)

(b)
()

3. (a)

How do you define a population and a sample? Differentiate between parameter and
statistic. Why a parameter is said to be a constant and statistic a variable?

A labour union has 1000 members. A random sample of 50 members of the union
gave an average age of 40 years. The average age of the members of the labour union
was, therefore, estimated to be 40 years. A complete enumeration of all the members
indicated that the true mean age was 43 years. Answer the following:

() Which figure is a parameter?
(i)  Which figure is a statistic?

{ (i) Population size N = 1000, and population mean age 1 = 43 years;
(if) Sample size n, and sample mean ¥ = 40 years. )

What is meant by a sampling distribution and a standard error? Describe the properties
of the sampling distribution of sample mean.

What is meant by standard error and what are its practical uses?

What is the finite population correction factor? When is it appropriately used in
sampling applications and when can it, without too great an undesirable consequence, be
ignored?

A finite population consists of the numbers 2, 4, 6, 8 10 and 12. Calculate the
sample means for all possible random samples of size n = 2, that can be drawn from
this population, with replacement. Assuming the 36 possible samples equally likely,
make the sampling distribution of sample means and find the mean and variance of this
distribution. Calculate mean and variance of the population and verify that

ol
n

= 5833}

(i) Hg = H (ify o

L

(p =7 o = 11667, puz =71, oy
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(b)

ic)

4. (a)

(&)

(3]

A finite population consists of the numbers 2, 4, 6, 6, 8 and 10. Calculate the sample
means for all possible random samples of size n = 2, that can be drawn from this
population, with replacement. Assuming the 36 possible samples equally likely, form
the sampling distribution of sample means and find the mean and variance of this
distribution. Calculate mean and variance of the population and verify that

a

=

() Hy = U (di) O =

(u=6 uz=6 0 =258, 0y=182%6])

Draw all possible samples of size n = 3 with replacement from the population 3, IST 9
and 12. Assuming the 64 possible samples equally likely, form a sampling distribution
of the sample means. Hence state and verify the relation between
(i)  the mean of the sampling distribution of the sample mean and the population
mean;
(if)  the variance of the sampling distribution of the sample mean and the population
variance.
- - ST S - 1w al
(=75 pg =75 pg = o*=1125 o} =375 o =o¢ [n}

A finite population consists of the numbers 2, 4, 6, 6, 8 and 10. Calculate the sample
means for all possible random samples of size n = 2, that can be drawn from this
population, without replacement. Assuming the 30 possible samples equally likely,
make the sampling distribution of sample mean. Find the mean and varance of this
distribution. Calculate mean and variance of the population and verify that

D g = Wy g m i JICE
Hy H x‘ﬁ N -1

(p=6 puz=6 0 =258, op =163}

A finite population consists of the values 6, 6, 9, 15 and 18. Calculate the sample
means for all possible random samples of size n = 3, that can be drawn from this
population, without replacement. Assuming the 60 possible samples equally likely,
make the sampling distribution of sample mean and find the mean and variance of this
distribution. Calculate mean and variance of the population and show that

g [rNn
n N-=1

(g = 10.8, o’ = 23.76, Mg = 108, ol = 3.96)

(i) py=u (il o

b

2
:
Find the mean u and variance ¢ of the finite population 1, 4, 7 and 8. Take all
possible samples of size 2, that can be drawn at random without replacement from this
population. Assuming the 12 possible samples equally likely, make the sampling

distribution of sample mean and find the mean and variance of this distribution. Verify
that

M EX)=u () VanX) = ﬂT[ N_n]

N=1
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5. (a)

(&)

6. (a)

(B)

7. (@

(b)

(c)

where X is the random variable ‘the sample mean’, N is the population size and n is
the sample size. What happens as N — o 7
N-n

fu =35 o0 =75 EX) =5 VaiX) =25, =1}

In an infinite population 4 = 50 and o* = 250, find the mean and variance for the
distribution of X if :

(. n = 25 (i) n = 100, (i) n = 1250
[ () pg=50, 0% = 10 (i) uy = 50, ol =25 (i) uz = 50, =02}

A large number of samples of size 50 were selected at random from a normal

population with mean u and variance 2. The mean and standard error of the sampling
distribution of the sample mean were obtained 2500 and 4 respectively. Find the mean
and variance of the population.

( 2500, 800 )

If the size of the simple random sample from an infinite population is 55, the variance
of sample mean is 27, what must be the standard error of sample mean if n = 1657
(o = 3)

If the size of the simple random sample from an infinite population is 36 and the
standard error of the mean is 2, what must the size of the sample become if the standard
error is to be reduced to 1.27

{n = 100)

The random variable X has the following probability distribution:

x; 4 5 6 )

plx;) 0.2 0.4 0.3 0.1

Find the mean gt g, variance o7 and standard error o3 of the mean X for a random

sample of size 36,
(pg = 53, 0% = 00225, o; = 0.15)

A random sample of 36 cases is drawn from a negatively skewed probability
distribution with a mean of 2 and a standard deviation of 3. Find the mean and
standard error of the of the sampling distribution of X.

(Hg = 2, o5 = 035)

A random sample of 100 is taken from a population with mean 30 and standard
deviation 5. The probability distribution of the parent population is unknown, find the
mean and standard error of the of the sampling distribution of X.

(#f - 3{], df = {].5}

L 4
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11.13 SAMPLING DISTRIBUTION OF THE DIFFERENCE
BETWEEN TWO SAMPLE MEANS, X, - X,

The sampling distribution of the difference between two sample means X | = X , is the
probability distribution of all possible differences between means X , and X, obtained from all
possible independent simple random samples of n, and n, observations that can be drawn from

two given populations with means u,, g, and variances crf ’ ::I'% respectively.

Often we wish to compare the means of two random variables. The comparison is made
on the basis of two independent random samples drawn from given populations.

Suppose that two independent random samples of sizes n, and n, are drawn from
populations with means 4, and u, and variances o and o3, respectively. Let X, be the mean
of sample of size n; from the population with mean y, and variance o}, then X, is a random
variable that has its own probability distribution with mean , and variance o2 /n, . Let X, be
the mean of sample of size n, from the population with mean u, and variance o2, then X, is
a random variable that has its own probability distribution with mean M, and variance o2 /n, .

Then the differences X, — X, can be obtained from all possible pairs of X, and X,.
Consequently, the difference X, — X, between two sample means is a random variable that has

its own probability distribution which is called the sampling distribution of the difference
between two sample means.

11.13.1 Properties of the Sampling Distribution of the Difference between Two Sample
Means. The properties of the sampling distribution of the difference X ; = X, between two
sample means are given by the following theorems:

Theorem 11.7  The mean of the sampling distribution of (X | = X 2 ), denoted by U FA is
equal to the difference between the population means, i. e.,

PR n ™ E(X, - X)) =y - by
This theorem holds regardless of the sample sizes n, and n, or whether sampling is done with or
without replacement. :
Theorem 11.8 The variance of the sampling distribution of (X . = X,). denoted by
o ;I -F, is equal to sum of the variances of the sampled populations divided by the respective

sample sizes, i.e.,
2 2
1 — -_ a (s ] »
il gy _3 = Va(X,-X,) = L+ =2
. Ml m ny
= «where X , and X, are means of two independent random samples of sizes n, and n, from
infinite populations ( or sampling with replacement ) with means u, and p, and finite variances

o} and 03 respectively.
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The standard error of (X, — X,) then becomes

2 2
= = o a0
O % = yVer(X, -X,) = [|—L 4+ -1

However, if 0 and o are unknown, these are replaced by the sample variances S and S5
the estimate of the standard error of (X, — X,) then becomes

_ St , 83
s B T R (s
where §7 = Z{‘Yfl_xl}2 s §2 - E[sz‘_fg)z
' n -1 : n, =1

Theorem 11.9  The variance of the sampling distribution of ( X 1= X,) is

= - r N, = 2 ==
af _p. = V% = Xy ol Tt |, 0 [ W8
1™ & "y N, -1 fy N, -1

where f] and fz are the means of random samples of sizes n, and n, drawn without
replacement from finite populations of sizes N, and N, with means u, and p, and variances
o and 03, respectively.

- The standard error of (X, - X, ) then becomes

— = 2 = 2 -
g 5 = JVEK, =Xy = (SRl O Ny~
4= N, -1 N, -1

ny ny

Theorem 11.10 If X y and X ; are the means of random samples of n, and n, observations
from twe independent normal populations with means u,, p, and variances o}, ©3

respectively, then the sampling distribution of the difference between sample means X |- X e
normal with mean and variance

#fl_ft = My = Hy

n n,
That is, the distribution of the random variable

7 = {Xl_xlj-’uﬁ—fz = [f1“fgj_{ﬂ1_ﬂ;}

T= = 2 2
Xy - X, oy + 03
Hl Hz

is a standard normal distribution,
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Example 11.9 Let X, represent the mean of a sample of size ny = 2 selected at random

with replacement from a finite population consisting of values 7 and 9. Similarly, let X 2
represent the mean of a sample of size n, = 3 selected at random with replacement from

another finite population consisting of values 3 and 6. Form a sampling distribuion of the
random variable (X, = X,). Verifv that

: 26 af , o}
(r) By =l =l (if) f’}'l_gz & "_1+ n
Solution. We have
Population 1: 7. 9 N, = n =2
MNumber of possible samples = N, x N, = 2x2 = 4
Possible samples (7.7)., (7.9), (9. 7% ~ (9%5)
Sample means ¥, 7 8, 8, 9
Population 11: 3, 6; N, = 2 n, =3
MNumber of possible samples = N, X N, x N, = 2 x2x2 = 8
Possible samples (3,3,3), 3.3.6) (3.6,3% (6.33)
(3,6,6), (63,6) (663) (6,6,6)
Sample means ¥, 3, 4, 4, 5. 5 S 1.8
All possible differences between sample means ( fj 5 .1_'2} are
X
X 3 B 4 B 5 5 5 6
7 -+ 3 3 3 2 Z 2 1
8 5 4 4 4 3 3 3 2
8 5 4 4 4 3 3 3 2
g 6 5 3 5 4 4 El 3
The sampling distribution of X, — X,, its mean and variance are
‘l.»'_sjuc _-::f Number of Probability
X,-X, occurrences
5 -7 f PE-%)=fIZf (F-%)p(F-5) (H-5)VpF-F)
| | 1/ 32 /32 1/ 32
p 5 5/ 32 10/ 32 20/ 32
3 10 10/ 32 30/32 90/ 32
4 10 10/ 32 40/ 32 160/ 32
5 5 5/32 25/32 125/32
5] | i/ 32 6/32 36/32
Sums zf=32 1 112/ 32 432/ 32
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My x, = BX-%) = TE-%) p(H-5) = He e

32
ok g, = VaX,-%;) = LR -%) p(/-%) - 4% 5,
432
= 35) = 125
= = {35)
The mean and variance of population I are
x? 49 81 it = 130
By = Ex—l = E = 8
N, 2
L 130
of = — -puf = 8y = 1
1 N, Hy R - (8)
The mean and variance of population 11 are
X, 3 6 zx, ='9
x3 9 36 Y2 -=.45
3x, Y
= = — =45
Ha N, 2
5 oxt 4
o} = -1 - (45) = 225
2
We are to verify that
2 SO
@ b7, =t oy, =
1 225
35 = 8=45 125 = — 4 ——
2 3
35 =735 129 =123

Example 11.10 Two independent random samples of sizes n, = 30 and n, = 50 are taken
from two populations having means p, = 78 and i, = 75 and variances ot = 150 and

o2 = 200. Let X, be the mean of the first random sample and X, be the mean of the second
random sample. Fmd' the mean and standard error of X, — X,.

Solution. We have u, = 78, o} = 150, n = 30

g, = 75, o3 =200, n =350
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Then mean and standard errorof X, - X, are
Ay %, = M=y = 78-75 = 3

& s af+n‘§-_ 150 200 _ .
fi-% Ty a n, Y 30 50

Exercise 11.3

L. (a) What is meant by the sampling distribution of the difference between two sample means.
Describe the properties of the sampling distribution of the differences between two
sample means.

(b) Let X, represent the mean of a sample of size n, = 2, selected with replacement from
a finite population -2, 0, 2, and 4. Similarly, let X, represent the mean of a sample
of size n, = 2, selected with replacement from the population — 1 and 1.

() Assuming that the 64 possible differences X, - X, are equally likely to
oceur, construct the sampling distribution of X, - X,.

2 2
a o

iy Ver z m el O
(i} erify that GFI_E! i + -
1 2

{p, =1, p, =0, Hz -5, = Lo =50} =1, :r%l_f: =1

2. (@) Let the variable X, represent the mean of random samples of size n = 2, with

replacement drawn from the finite population 3, 4, 5. Similarly, let X, represent the
means of random samples of size n, = 3, with replacement, drawn from the population
0, 3. Assuming that the 72 possible differences X , — X, are equally likely to occur,

construct the sampling distribution of X, — X, Show that

: ; I
O Mgxo=m-m ) of 5 =5
I 2

(i, =4, u; =15, Hg, -7, = 25, 0] = 0.667, 03 = 225, GI—'T’, _x, = 1083)

(b) Let the variable X, represent the means of random samples of size 2 without
replacement, drawn from the finite population 5, 7, 9. Similarly, let X, » Tepresent the
means of random sample of size 2, without replacement from another finite population
4, 6, 8, Assuming that the 36 possible differences X i — X, are equally likely to occur,

construct the sampling distribution of X, — X, and verify that
(i) Br-5 = =l

00 ol o= Bl ([ Micm Y, af [N oy
X=X, n, N =1 n, Ny, =1
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(y =7 4, =6, 4z 5 =10} = 2667, 0} = 2667 a}l g, = 1333)

3. (a) The television picture tubes of manufacturer A have a mean lifetime of 6.5 years and a
standard deviation of 0.9 years, while those of manufacturer B have a mean lifetime of
6.0 years and a standard deviation of 0.8 years. A random sample of size 36 tubes is
selected from manufacturer A and its mean X, is calculated. An other random sample
of size 49 tubes is selected from manufacturer B and its mean X, is calculated. Find
the mean and standard error of the sampling distribution of the difference X, - X,.
{"uil_‘f] = L'IS, ﬂ‘f] —:f: = UIES"EI_}

(b) Random samples of each size 100 are drawn from two independent probability
distributions and their means X, and X, computed. If the means and standard
deviations of the two populations are y, = 10, o, =2, u, =8 o, = |, find the

mean and standard error of the sampling distribution of the difference X, - X,.

(Mz,_z, = 205 _g = 02236)

*

11.14 SAMPLING DISTRIBUTION OF
SAMPLE PROPORTION, P

The sampling distribution of sample proportion P is the probability distribution of the
proportions of successes obtained from all possible simple random samples of n observations
that can be drawn from a Bernoulli population with proportion of successes .

11.14.1 Population Proportion. The population proportion is defined as

K No.of elements with attribute A ik
Population size N

where & is the number of elements in the population of size N that possess a certain
characteristic. In many applications of sampling the characteristic of interest in the population
elements is qualitative with two possible outcomes. Quite often, however, we are interested not in
the number of successes but rather in the proportion of successes.

11.14.2 Sample Statistics X and P. When the characteristic of interest is qualitative with two
possible outcomes, a sample statistic of interest is the number of occurrences among the n
sample observations consisting of the particular outcome reflected in the population proportion,
This number of occurrence is denoted by X. Another sample statistic is the sample proportion,
denoted by P, which is defined as

No.aof elements with attribute A X

¥ et = o—
Sample size n

The observed value p = x/n of sample proportion P will serve as an estimate of 7.
Obviously, the actual value we obtain for p will vary from sample to sample. S0 we ask, how
good the estimate obtained will be. Are the values of P likely to be close to the true proportion
T in the population. To what extent will they vary from one sample to another. Now for our
theoretical model. we define a population in which a given proportion 7 have a specific attribute
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A. We suppose that every unit in the population falls into one of the two categories A and A.
The notation is as follows

Number of units in A in Proportion of units in A in
Population Sample Population Sample
k r T = i p= Frach

: N n

The estimate of proportion of successes 7 in the population is the sample proportion p
and the estimate of the total number of successes k in population is thus Np or Nx/n.

11.14.3 Binomial Distribution as Sampling Distribution: Sampling Infinite Populations. 1f
a simple random sample of size n is selected from an infinite population (or with replacement
from a finite population ) whose elements are characterised by some attribute to belong to one of
the two mutually exclusive and exhaustive categories where one of these will be designated a
‘success’ and the other will be designated a ‘failure’, then the exact sampling distribution of the
proportion of successes P is a binomial distribution.

11.14.4 Properties of Sampling Distribution of P. The properties of the sampling distribution
of the sample proportion P are as follows:

Mean and Variance. The mean and variance of the binomial sampling distribution of P for a
simple random sample of size n from an infinite Bernoulli population (or with replacement from
a finite Bernoulli population) are given in the following theorem.

Theorem 1111 If the population is infinite or the sampling is done with replacement, the
sample praportion P has its mean and variance as

Hp = E(P) = =

= Var(P) =L_E}

a
5 L

where 7 is the probability of success and ( 1 — 7 ) is the probability of failure. The standard
deviation (often called the standard error or sampling variability) is

a’r = fVﬂr{P" - M

n

However, if the value of 7 is unknown, it is replaced by sample proportion P, the estimate of
the standard error of P then becomes

P(1-F)
n

P=

Shape of Distribution. The sampling distribution of P is skewed to the right if © < 0.5,
skewed to the leftif ® > 0.5 and symmetrical if © = 0.5.

Normal approximation. As n tends to infinity, the distribution of P becomes approximately
normal with mean 7 and variance n(1— m)/ n . That is, the distribution of the random variable
P—pp P-x

L= - —
Tp Jwtl'l—ﬂlla’n

approach the standard normal distribution as # approaches infinity.
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Example 11.11 A population consists of 5 members. The marital status of each member is
given below

Member 1 2 3 4 5
Marital status 3 M 3 M 5

where M and 5 stands for married and single respectively, Determine the proportion of
married members in the population. Take all possible samples of two members with replacement
from this population and find the proportion of married members in each sample. Form the
sampling distribution of the sample proportion P and verify that

: o n{l-m)

D == (iiy o3 = u_'z-n—
Solution. Population: 1,2,3,4,5; Populationsize: N = 5, Sample size: n = 2

The members with even senial numbers 2 and 4 are married while those with odd serial
numbers 1, 3 and 5 are single.

Number of married members in the population: k=2

04

Proportion of married members in the population: n = % <
Number of possible samples = N=x N = § x5 = 25

All possible samples, the number of married members and the proportion of married members in
each sample are given below.

Members Number of Proportionof | Members Number of Proportion of
insample married members married members | insample  married members  married members
x p=xln x p=x/n
1,1 0 0 2 3 0 0
1,2 | I/ 2 3. 4 | /2
1, 3 0 0 3, 5 0 0
1, 4 1 2 4, 1 1 /2
l; 5 0 0 4 2 Z 1
2, 1 1 /2 4,3 1 /2
2 2 2 1 4, 4 2 I
2, 3 1 2 4,5 1 /2
2, 4 2 1 5k 0 0
2,5 I 1/ 2 5, 2 1 /2
31 0 0 53 0 0
32 | /2 5, 4 1 2
Continued 5, 5 0 0
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The sampling distribution of sample proportion P, its mean and variance are

Value of P Number of occurrences Probability
P ¥ ftp) =fAXf p fip) P f(p)
0 9 9/25 0 0
1/2 © 12 12/ 25 6/ 25 3/25
I 4 4/ 25 4/ 25 4/ 25
Sum Tf =125 I 10/25 7/25
10
Hp = E(P) = Zp flp) = - =04
0} = Va(P) = Lp'f(p) - 4} = - - (04) = 0.2
We are to verify that (i) Hp = [ G) o = M
n
04 = 04 012 = E‘“_z"ﬂ
0.12 = 012

Example 11.12 It is known that 3 % of the persons living in Gujranwala city are known to
have a certain disease. Find the mean and standard error af sampling distribution of proportion
of diseased persons in a random sample of 500 persons.

Solution. We have proportion in the population ® = 0.03 and the sample size n = 500. Let P
be the random variable ‘the proportion of persons in the sample which are diseased’. Then, the
mean and standard error of P are

Lp = m = 003

_ [r=-m _ [003(1-003) _
o, = - = = = 0.00763

11.14.5 Hypergeometric Distribution as Sampling Distribution: Sampling Finite
Populations. When a simple random sample of size n is selected without replacement from a
finite population whose elements are characterised by some attribute to belong to one of the two
mutually exclusive and exhaustive categories where one of these will be designated a ‘success’
and the other will be designated a “failure’, then the exact sampling distribution of the proportion
of successes P is a hypergeometric distribution.

11.14.6 Properties of Sampling Distribution of P. The properties of the sampling distribution
of the sample proportion P are as follows:

Mean and Variance. The mean and variance of the hypergeometric sampling distribution of P
for simple random sampling without replacement from a finite Bernoulli population are given in
the following theorem.
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Theorem 11.12 If the population is finite and the sampling is done without replacement, the
sample proportion P has its mean and variance as

Var(P) = ““"—‘” [ i:’]‘ ]

]

a

b

where 1 is the probability of successand (1 - m ) is the probability of failure. The standard
deviation (often called the standard error or sampling variability) is

:IP:1|I'VarfP} =Jm:1_“’} JN_H

n N -1

However, if the value of m is unknown, it is replaced by sample proportion Fl the estimate of
the standard error of P then becomes

5 P(l1-P) N-n
Gp =
n N =1
Example 11.13 Draw all possible samples of size 2 at random without replacement from the

population 1, 2, 3, 4, 5. Find the proportion of even numbers in the samples. Form the
sampling distribution of the sample proportion P and verify that

) Hp=m (if) ur§="“_"}[N_"J

n N-1

Solution. Population: 1,2,3,4,5; Populationsize: N = 5; Sample size: n = 2
Number of even numbers in the population: £ = 2

Proportion of even numbers in the population: T =—-=—= (4

Number of possible samples = N(N-1) = 5(5-1) = 20
All possible samples, the number of even numbers and the proportion of even numbers in each
sample are given below.

Sample Number of Proportion of Sample Number of Proportion of
values even numbers  even numbers values even numbers even numbers
i p==xin ¥ p=2xln
1;:3 1 /2 3, 4 1 1/ 2
1, 3 0 0 3,53 0 0
1, 4 1 1/ 2 4, 1 | 1/2
0 0 4, 2 2 1
2,1 1 /2 4,3 1 /2
2,3 1 12 4, 5 1 /2
2, 4 2 1 5,1 0 0
% | /2 5 2 1 Ty
3,1 0 0 5,3 0 0
3,2 1 /2 5 4 1 /2
Continued
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The sampling distribution of sample proportion P, iis mean and variance are

Value of P Number of oceurrences Probability
P f fip) = fILSf p f(p) P’ fip)
0 6 6/ 20 0 0
/2 12 12/ 20 6/ 20 3/20
! 2 2/20 2/ 20 - 2/20
Sum Lf =20 1 8/ 20 5/25
8
= Py = = — = (4
B = E(P) = Zp flp) =il
03 = Var(P) = Zp* f(p) - p3 = % - (043% = 0.09
We are to verify that
. l-w) [ N=n
f = R i 2 = %
i) Up (i) ap - [ = ]
04 = 04 : 012 = 24U=04) [5‘2 ]
2 5-1
0.09 = 0.09

11.15 SAMPLING DISTRIBUTION OF THE DIFFERENCE

BETWEEN TWO SAMPLE PROPORTIONS, P, - P,

The sampling distribution of the difference between two sample proportions P, — P, is
the probability distribution of all possible differences between proportions P and P, obtained
from all possible independent simple random samples of n, and n, observations that can be
drawn from two Bernoulli populations with population proportions of m; and =, , respectively.
Often we wish to compare the proportions of successes in two Bemoulli populations. We must
use the sample proportions of successes as our basis of comparison. Obviously, the number of
successes in both samples cannot be used alone as a means of evaluation. Specifically we require
a probability model of the difference between two sample proportions.

Suppose that two independent random samples of sizes n, and n, are drawn from
Bemnoulli populations with population proportions of m, and &, respectively. Let P, be the
proportion of successes in sample of size n, from the population with population proportion =,
then F is a random variable that has its own probability distribution with mean ®; and variance
m (1=m )/ n .Let P, be the proportion of successes in sample of size n, from the population
with population proportion ®,, then P, is a random variable that has its own probability
distribution with mean 7, and variance w,(1— x, )/ n, . Then the difference B, — P, can be
obtained from all possible pairs of .F, and P, . Consequently, the difference F, — P, between the






































































































































































































































































































































































































































































































































































































































































































































































